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Abstract

There is strong empirical evidence that long-term interest rates con-
tain a time-varying risk premium. Options may contain valuable infor-
mation about this risk premium because their prices are sensitive to the
underlying interest rates. We use the joint time-series of swap rates and
interest rate option prices to estimate dynamic term structure models.
The risk premiums that we estimate using option prices are better able
to predict excess returns for long-term swaps over short-term swaps.
Moreover, in contrast to previous literature, the most successful models
for predicting excess returns have risk factors with stochastic volatility.
We also show that the stochastic volatility models we estimate using
option prices match the failure of the expectations hypothesis.
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1 Introduction

A bond or swap that is sold before it matures has an uncertain return. There
is strong empirical evidence that this return is predictable and time-varying
which suggests that long-term interest rates contain a time-varying risk pre-
mium.1 In this paper we ask whether interest rate option prices can be used
to obtain better estimates of the risk premium in long-term interest rates.
Options may contain valuable information because their prices are sensitive to
the volatility and risk premiums in the underlying interest rates.

We use an arbitrage-free term structure model for our empirical analysis
because it describes the joint dynamics of interest rate option prices and the
underlying interest rates. Related papers that use term structure models to
investigate the risk premium in long term interest rates use only bonds or
swap rates for estimation.2 Instead, we use the joint time series of both swap
rates and interest rate cap prices with different maturities. Our main finding
is that the risk premiums we estimate using option prices are better able to
predict excess returns for long-term swaps. As a measure of the predictability
of excess returns we compute the R2 from the projection of 1-year realized
zero coupon swap rate returns on model-implied expected returns. On average
across different maturities, this measure of predictability almost doubles when
we use options to estimate a term structure model with one stochastic volatility
factor. The improvement is almost three fold for a term structure model with
two stochastic volatility factors.

Risk premia in term structure models reflect the market prices of risk for
the factors driving interest rates (or equivalently, their risk-neutral dynamics).
To better understand the improvement in predictability, we examine the esti-
mated risk premia and find that the risk-neutral dynamics of the risk factors
are quite different when the models are estimated with and without options.
In the models estimated without options, long-run interest rates under the
risk-neutral measure are high (10.4-13%) and have a very slow rate of mean
reversion with a half-life of 22.4 to 31.4 years. In contrast, the models esti-
mated with options have a more modest risk-neutral long-run mean of 8% with
a rate of mean reversion on the order of business cycle frequency (the half-life

1See Fama and Bliss (1987), Campbell and Shiller (1991), and Cochrane and Piazzesi
(2005).

2See Duffee (2002), Dai and Singleton (2002), Duarte (2004), and Cheridito et al. (2007).

2



is about 8 years). Both of these combinations have similar implications for
swap rates, which makes them difficult to distinguish using only yields. How-
ever, the two mechanisms are clearly differentiated by their implications for
interest rate option prices. Therefore, option prices allow for a more precise
identification of the market prices of risk and the models that are estimated
with options are better able to explain variation in excess returns. We also
show that the magnitude of the estimated price of volatility risk is reduced
when we include options.

Option prices also help to resolve the tension in previous papers between
matching the first and second moments of bond returns. Both Duffee (2002)
and Cheridito et al. (2007) find that excess bond returns are best captured
by constant volatility models that cannot match the time-series variation in
interest rate volatility. We study the same 3-factor affine term structure models
that were developed by Cheridito et al. (2007) (a generalization of the models
developed and studied by Duffee (2002)), but we use the joint time series of
swaps and interest rate cap prices to estimate the models.3 When we use
option prices to estimate the model parameters, the models with one or two
stochastic volatility factors successfully capture the variation in interest rate
volatility and are also best at predicting excess returns.

The models with stochastic volatility that we estimate with options also
satisfy two additional challenges posed by Dai and Singleton (2003): they
successfully price interest rate caps and they capture the failure of the ex-
pectations hypothesis.4 Dai and Singleton (2002) find that only models with
constant volatility successfully match the failure of the expectations hypothe-
sis. We show that term structure models with stochastic volatility also match
the failure of the expectations hypothesis when we include options in estima-
tion. We further analyze these results and show that option prices help us to
identify the portions of the risk premium that are related to the slope of the
yield curve.

3Swaps are based on the same LIBOR interest rates as caps, which is why we choose to
model swap rates rather than government bond yields. Dai and Singleton (2000) also note
that the institutional features that affect government bond yields are not accounted for in
standard term structure models.

4The failure of the expectations hypothesis refers to the empirical property that excess
returns to long-term bonds and swaps are negatively related to the slope of the yield curve
(and increasingly so for longer maturity yields). See Fama (1984a), Fama (1984b), Fama
and Bliss (1987) and Campbell and Shiller (1991).
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Our empirical analysis deviates from recent research that has focused on
unspanned stochastic volatility, or USV, in fixed income markets.5 In term
structure models that exhibit USV, interest rate options have both an econo-
metric and economic role because they cannot be replicated using the un-
derlying bonds or swaps. Our objective in this paper is to focus exclusively
on the econometric benefits of using options to estimate the risk premium in
long-term interest rates. Therefore our empirical analysis only considers term
structure models in which options are redundant securities.

Other papers have used options to estimate term structure models, but they
do not examine the impact of options on a model’s ability to capture the dy-
namics of interest rates and predict excess returns. Umantsev (2002) estimates
affine models jointly using both swaps and swaptions and analyzes the volatil-
ity structure of these markets. Longstaff et al. (2001) and Han (2007) explore
the correlation structure in yields that is required to simultaneously price both
caps and swaptions. Bikbov and Chernov (2005) use both Eurodollar futures
and short-dated option prices to estimate affine term structure models and
discriminate between various volatility specifications.

Our paper is also related to empirical papers that examine the joint time
series of option prices and returns in equity or foreign exchange markets. Cher-
nov and Ghysels (2000), Pan (2002), Jones (2003), and Eraker (2004) analyze
S&P 100 or 500 index returns jointly with options on the index. Bakshi et al.
(2008) and Graveline (2008) study foreign exchange options and the under-
lying currency returns. These papers use option prices to help estimate risk
premia in the underlying equity or currency returns and our paper has a similar
objective applied to fixed income markets.6

The remainder of the paper is organized as follows. Section 2 describes the
data and estimation procedure we use. Section 3 compares how well the models
we estimate predict excess returns and Section 4 examines linear projections
of excess returns on the yield curve. Section 5 examines the dependence of
expected excess returns on the level, slope, and curvature of the yield curve.
Section 6 concludes. Technical details and model fits to swap rates, cap prices,

5See Collin-Dufresne and Goldstein (2002b), Collin-Dufresne et al. (2008), Andersen and
Benzoni (2008), Li and Zhao (2006), Thompson (2008), Bikbov and Chernov (2005), Joslin
(2007), and Kim (2007).

6See also Jackwerth (2000), Aı̈t-Sahalia and Lo (2000), and Aı̈t-Sahalia et al. (2001) for
papers that compare the risk-neutral distribution of returns implied from option prices to
the objection distribution of returns inferred from time series data.
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and historical volatilities are provided in appendices.

2 Model and Estimation Strategy

To fix notation, let P T
t be the price at time t of a zero-coupon bond that pays

$1 at time T . If the bond is sold before it matures, say at time t + ∆t, then
it has an uncertain return ln

(
P T

t+∆t/P
T
t

)
/∆t. A bond that matures at time

t + ∆t provides a certain return −ln
(
P t+∆t

t

)
/∆t, so the excess return on the

longer dated bond is given by

re,T
t,∆t := ln

(
P T

t+∆t/P
T
t

)
/∆t + ln

(
P t+∆t

t

)
/∆t . (1)

Our objective in this paper is to examine how well different arbitrage-free
affine term structure models predict this excess return for long-term swaps.

To be specific, we examine 3-factor term structure models in which the
pricing kernel follows a diffusion process of the form

dMt = −Mt rt dt − Mt Λ⊤
t dWt , (2a)

where

rt := ρ0 + ρ1 · Xt ,
7 (2b)

Λt :=
(√

∆ [α + βXt]
)−1 [(

KP
0 −K0

)
+

(
KP

1 −K1

)
Xt

]
, (2c)

and
dXt =

[
KP

0 + KP
1Xt

]
dt +

√

∆ [α + βXt] dWt .
8 (2d)

In equation (2), Xt is a 3-dimensional vector of latent factors, Wt is a 3-
dimensional Brownian motion, and ∆ [·] denotes a square matrix with its vector
argument along the diagonal. We refer to the drift of the pricing kernel, r,
as the short interest rate and the volatility, Λ, as the market price of risk.9

7Researchers have also extensively studied quadratic term structure models (see Ahn
et al. (2002), and Leippold and Wu (2002)). However, Cheng and Scaillet (2007) show in a
recent paper that affine and quadratic term structure models are equivalent and therefore
our choice to restrict our analysis to affine models is without loss of generality.

8Dai and Singleton (2000) and Cheridito et al. (2007) provide restrictions required to
ensure that the stochastic processes are admissable, the parameters are identified, and the
physical and risk neutral measures are equivalent.

9We use an extended affine market price of risk introduced by Cheridito et al. (2007) as
a generalization of the essentially affine market price of risk used in Duffee (2002).
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In this setting, the dynamics of zero-coupon bond prices are given by

dP T
t = P T

t

[
rt + σT

t Λt

]
dt + P T

t σT
t dWt , (3)

where σT
t = B (T − t)⊤

√

∆ [α + βXt] and B (·) is the solution to a Riccati
ODE.10 From equation (3), the volatility of zero-coupon bond prices or yields
is determined by the volatility of the risk factors. Also, the instantaneous
expected excess return, or risk premium, is given by

σT
t Λt = B (T − t)⊤

√

∆ [α + βXt] Λt , (6)

which depends on both the volatility and market prices of the risk factors.

Previous papers that investigate the risk premium in long-term interest rates
use only the time series of bonds or swaps with different maturities for esti-
mation. Instead, we also use the time series of interest rate cap prices with
different maturities. An interest rate cap is a portfolio of options on the 3-
month Libor rate that effectively caps the interest rate that is paid on the
floating side of a swap.11 We include cap prices in estimation because they
may contain additional econometric information about the risk premium in
long-term interest rates. Since caps are interest rate options, their prices are
sensitive to the volatility of the risk factors. Cap prices also depend on the
market prices of risk, which are embedded in the pricing kernel.

The price of an N -period cap on 3-month floating interest payments with
strike rate C is

CN
t

(
C

)
=

N∑

n=2

Et

[
Mt+0.25n

Mt

0.25
(
Lt+0.25(n−1) − C

)+

︸ ︷︷ ︸

caplet payoff

]

, 12 (7)

10Duffie and Kan (1996) show that zero-coupon bond prices are an exponential affine
function of the factors,

PT
t = eA(T−t)+B(T−t)·Xt , (4)

where B (·) and A (·) solve the Riccati ODEs

d

dτ
B (τ) = −ρ1 + K⊤

1 B (τ) +
1

2
β⊤∆[B (τ)]B (τ) , B (0) = 0 , (5a)

d

dτ
A (τ) = −ρ0 + K⊤

0 B (τ) +
1

2
α⊤∆[B (τ)]B (τ) , A (0) = 0 . (5b)

11Other papers, such Umantsev (2002), have used swaptions, which are options on swaps.
We choose to use interest rate caps because it is easier to compute their prices without
resorting to approximations.
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where Lt+0.25(n−1) is the 3-month Libor interest rate so that

1 + 0.25Lt+0.25(n−1) = 1/P t+0.25n
t+0.25(n−1) . (8)

Duffie et al. (2000) show that cap prices can be computed as a sum of in-
verted Fourier transforms in affine term structure models. However, when
the solutions A and B to the Riccati ODEs in equation (5) are not known in
closed form, direct Fourier inversion can be too computationally expensive for
use in estimation. Instead, we use a more computationally efficient adaptive
quadrature method that is based on Joslin (2007).

Our data, obtained from Datastream, consists of Libor rates, swap rates, and
at-the-money cap implied volatilities from January 1995 to February 2006. We
use 3-month Libor and the entire term structure of swap rates to bootstrap
zero-coupon swap rates at 1-, 2-, 3-, 5-, 7-, and 10-years.13 We also use at-the-
money caps with maturities of 1-, 2-, 3-, 4-, 5-, 7-, and 10-years.

Our empirical analysis centers on three different model specifications with 0,
1, or 2 of the factors driving the stochastic volatility of interest rates. Following
Dai and Singleton (2000), we use the notation AM (3) to denote a 3-factor
affine term structure model in which M of the factors drive the stochastic
volatility of interest rates.14 We use quasi-maximum likelihood to estimate
model parameters for A0(3), A1(3), and A2(3) models. We follow Chen and
Scott (1993) and estimate all of the models under the assumption that the
model correctly prices 3-month Libor and the 2- and 10-year zero coupon
swap rates exactly and we assume that the remaining zero-coupon swap rates
are priced with error.15 In addition, we estimate another set of parameters
for the A1(3) and A2(3) models under the assumption that at-the-money caps
with maturities of 1-, 2-, 3-, 4-, 5-, 7-, and 10-years are also priced with error.
We refer to these versions of the models that we estimate with option prices
as the A1(3)o and A2(3)o models. The parameter estimates and a detailed
description of the estimation procedure are provided in Appendix A.

13Our bootstrap procedure assumes that forward swap zero rates are constant between
observations.

14Dai and Singleton (2000) provide a canonical representation of AM (3) models.
15By assuming that a subset of securities are priced correctly by the model, we can use

these prices to invert for the values of the latent states. Duffee (2002), Dai and Singleton
(2002), and Cheridito et al. (2007) also use this approach to invert for the latent states. See
Chen and Scott (1993) for more details.
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3 Predictability of Excess Returns

In this section we examine how well the risk premiums that we estimate are
able to predict excess returns for long-term swaps. Recall that the risk pre-
mium, or expected excess return on a τ -maturity bond that is purchased at
time t and sold at time t + ∆t is

Et

[
re,τ
t,∆t

]
:= Et

[
ln

(
P t+τ

t+∆t/P
t+τ
t

)]
/∆t − r∆t

t . (9)

In an affine term structure model, this risk premium is given by

Et

[
re,τ
t,∆t

]
=

1

∆t

{
A (τ − ∆t) + B (τ − ∆t) · Et [Xt+∆t]
− [A (τ) + B (τ) · Xt] + A (∆t) + B (∆t) · Xt

}

. (10)

To measure how well our estimated risk premiums predict excess returns,
we compute the following statistic

R2 = 1 −
mean

[(
re,τ
t,∆t − Et

[
re,τ
t,∆t

])2
]

var
[
re,τ
t,∆t

] . (11)

We then compare the R2s for each model with the R2s from three versions of
the regressions of excess returns on forward rates as performed in Cochrane
and Piazzesi (2005).

Table 1 presents the R2 statistics and bootstrapped confidence intervals for
1 year excess returns for the period from January 1995 to February 2006 that
was used to estimate the model. Amongst the three models that we estimate
without options, the A1(3) model is best at predicting 1 year excess returns
for zero-coupon swaps with maturities up to 5 years. For these maturities,
the A2(3) model outperforms the A0(3) model. For maturities beyond 5 years,
the A0(3) model is best at predicting 1 year excess returns, followed by the
A1(3) model and then the A2(3) model. Table 13 in Appendix E provides
the predictability results for 3 month excess returns with a shorter horizon
and more independent observations. The results are qualitatively the same as
those for 1 year excess returns.

When we include options in estimation, the A1(3)o and A2(3)o models are
better able to predict 1 year excess returns relative to their A1(3) and A2(3)
counterparts and the A0(3) model that we estimated without including options.
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On average, the R2s across different maturities for the A1(3)o model are larger
than the R2s for the A1(3) model by a factor of 1.9. The improvement is even
larger for the A2(3)o model where the R2s are larger than the those for the
A2(3) model by an average factor of 2.8. Table 2 contains the difference in
R2’s between the A1(3)o and A1(3) models, and between the A2(3)o and A2(3).
The bootstrapped confidence intervals indicate that, when we use options to
estimate the models, the improvement in R2 is statistically significant.

Comparing across the models that we estimate with options, the A2(3)o

model is slightly better than the A1(3)o model at predicting 1 year excess
returns. Moreover, the R2s for both models are much closer in magnitude
to those obtained from the regressions in Cochrane and Piazzesi (2005). The
regressions in Cochrane and Piazzesi (2005) are designed to only match excess
returns and so they serve as somewhat of an upper bound for the the level of
predictability of excess returns.

Figure 1 plots the 1-year expected excess return on a 5-year zero-coupon
bond for each of the models that we estimate. Consistent with the results in
Tables 1 and 2, the expected excess returns for the A1(3)o and A2(3)o models
that we estimate using options are very similar to those for the A0(3) model
(which was the preferred model in Duffee (2002) and Cheridito et al. (2007)).
The expected excess returns for the A1(3) and A2(3) models are very similar,
but different from their counterparts that we estimate using options.

To summarize, the risk premiums that we estimate using interest rate cap
prices are better able to predict excess returns for long term swaps. The ques-
tion remains, what elements of the risk premium do options help to identify?
In order to facilitate comparisons across models, we examine their implications
for the actual and risk-neutral dynamics of the 3-month, 2-year, and 10-year
zero-coupon yields.16 The dynamics of these yields, Rt = [r0.25

t , r2
t , r

10
t ]

⊤
, under

the actual measure are given by

dRt = KP
(
θ P − Rt

)
dt +

√

Σ0 + Σ1 r0.25
t + Σ2 r2

t + Σ3 r10
t dWt , (12a)

while their dynamics under the risk-neutral measure Q follow

dRt = KQ
(
θ Q − Rt

)
dt +

√

Σ0 + Σ1 r0.25
t + Σ2 r2

t + Σ3 r10
t dW Q

t . (12b)

16Collin-Dufresne et al. (2008) provide a compelling argument for using observables (rather
than latent states) to present a standardized comparison across term structure models.
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A1(3)o − A1(3) A2(3)o − A2(3)
3 Month 1 Year 3 Month 1 Year

2 Yr
2.6 -6.0 3.6 -8.3

[-11.9, 7.4] [-12.0, 0.00] [-1.7, 9.1] [-15.4, -1.5]

3 Yr
4.6 -0.9 7.0 3.0

[0.1, 9.4] [-6.5, 5.1] [1.6, 12.8] [-3.0, 9.6]

4 Yr
5.8 2.5 9.0 10.6

[1.4, 10.7] [-3.5, 8.6] [3.8, 14.8] [4.5, 17.5]

5 Yr
6.5 5.5 10.0 15.6

[-0.5, 11.8] [2.1, 11.2] [5.0, 15.8] [9.5, 22.5]

6 Yr
6.9 8.2 10.6 18.9

[2.5, 11.7] [2.2, 14.9] [5.4, 16.4] [12.9, 25.8]

7 Yr
7.2 11.4 10.8 21.4

[2.7, 12.3] [5.0, 18.1] [5.8, 16.7] [15.3, 28.4]

8 Yr
7.4 13.0 11.0 22.6

[3.0, 12.4] [6.6, 20.1] [5.9, 16.8] [16.7, 29.7]

9 Yr
7.6 15.1 11.0 23.7

[3.2, 12.3] [8.8, 22.2] [6.2, 16.6] [17.7, 30.6]

10 Yr
7.5 16.6 10.9 24.2

[3.2, 12.2] [9.9, 23.8] [6.3, 16.4] [18.4, 31.3]

Table 2: Difference in R2’s
This table presents the difference in R2’s obtained from overlapping weekly
projections of one-year zero-coupon swap rate returns, for different maturi-
ties, on model-implied returns. The table presents the differences between the
A1(3)o and A1(3) models, and between the A2(3)o and A2(3) models. Boot-
strapped 95% confidence intervals are presented below in parentheses and are
computed using the method proposed in Wu (1986). We estimated the A1(3)
and A2(3) models by inverting 3-month, 2-year, and 10-year swap zeros and
measuring 1-, 3-, 5-, and 7-year zeros with error. We estimated the A1(3)o and
A2(3)o models with the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and
10-year at-the-money cap prices were measured with error.
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Figure 1: Annual Expected Excess Return – 5-Year Zero-Coupon Bond
This figure plots the 1-year expected excess return on a 5-year zero coupon
bond for each of the models that we estimate. The top plot shows the expected
excess return for the A1(3) and A2(3) models that we estimated without using
options. The bottom plot shows the expected excess return for the A0(3)
model that we estimated without using options, and the A1(3)o and A2(3)o

models that we estimated using options.
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The estimates of the risk-neutral long-run means, θ Q, as well as the properties
of KQ are provided in Table 3. The full parameter estimates are provided
in Tables 5, 6, and 7 in Appendix A. Sections B and C in the appendix
present the cross-sectional pricing errors and the fit to historical estimates of
conditional volatility.

Risk premia in term structure models depend critically on the difference
between the actual and risk-neutral distribution of interest rates. The rows
of Table 3 that are highlighted in bold illustrate a significant difference in
the risk-neutral distribution between the models that are estimated with and
without including interest rate options. The risk-neutral long-run means (θ Q

3m,
θ Q
2y, and θ Q

10y) of the 3-month, 2-year, and 10-year zero-coupon yields range
between 10.4% and 13% for the models that are estimated without options,
but hover around 8% for the A1 (3)o and A2 (3)o models that are estimated
with options. For comparison, the maximum values of the 3-month, 2-year,
and 10-year zero-coupon swap rates over our sample period are 6.8%, 8%, and
8.2% respectively and the mean values are 4.2%, 4.8%, and 5.9%. In each
model, the third eigenvector of KQ acts as a level factor that is almost equally
weighted across the three yields. For the models that are estimated without
options, the half-life of shocks to this level factor ranges from 22.4 years to
31.4 years, while it is just 8.09 years in the A1 (3)o model and 8.46 years in
the A2 (3)o model. That is, for the models that are estimated without options,
the risk-neutral expectation of future yields is high, but shocks to the level
of yields are very persistent. By contrast, for the A1 (3)o and A2 (3)o models,
under the risk-neutral measure the level of yields reverts more quickly to a
lower long-run mean (i.e. shocks are less persistent and die off more quickly).
Both of these combinations produce an upward sloping yield curve consistent
with the data. However, the faster mean reversion to a lower long-run mean
fits the joint swaps and options data best. We also feel that the lower long-run
mean represent a more plausible level of risk aversion with a rate of mean
reversion that is on the order of business cycle frequency.

Next we examine how options affect the estimated price of volatility risk.
As a measure of the price of this risk, we use the difference between the long
run risk-neutral expected zero-coupon bond volatility and the long run actual

13



Parameter Estimate

A0(3) A1(3) A1(3)o A2(3) A2(3)o

θ Q
3m 11.1 10.5 8.02 13 8.14

θ Q
2y 11.1 10.5 8.02 13 8.14

θ Q
10y 11 10.4 7.86 12.7 7.98

half-lifeQ
1 0.533 0.492 0.436 0.492 0.481

half-lifeQ
2 1.02 1.12 1.22 1.06 1.16

half-lifeQ
3 23.3 22.4 8.09 31.4 8.46

eigenvector3m 0.609 0.609 0.656 0.605 0.653

eigenvector2y 0.593 0.593 0.610 0.593 0.609

eigenvector10y 0.527 0.528 0.445 0.531 0.450

Table 3: Mean Reversion and Long-Run Means
The A0(3), A1(3), and A2(3) models were estimated by inverting 3-month,
2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and 7-year zeros
with error. The A1(3)o and A2(3)o models were estimated with the additional
assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money cap prices were
measured with error. Each of the models is rotated so that the 3-month, 2-

year, and 10-year zero-coupon yields (Rt = [r0.25
t , r2

t , r
10
t ]

⊤
) are the factors with

drift-adjusted dynamics

dRt = KQ
(
θ Q − Rt

)
dt +

√

Σ0 + Σ1 r0.25
t + Σ2 r2

t + Σ3 r10
t dWt . (12b)

under the risk-neutral measure Q. half-lifeQ
i is the half-life corresponding to

the ith eigenvalue of KQ. eigenvector{3m,2y,10y} is the third eigenvector of KQ.
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Figure 2: Actual and Risk Neutral Expected Volatility - A1(3)
These figures show the long run expected volatility of zero coupon yields with
maturities up to 10 years. The plot on the left shows the expected long run
volatility in the A1(3) model that is estimated without using options. The plot
on the right shows the expected long run volatility in the A1(3)o model that is
estimated using options. The dashed line is the expected volatility under the
risk neutral pricing measure. The solid line is the actual expected volatility.

expected zero-coupon bond volatility.17 Figures 2 and 3 plot the actual long
run expected volatility and the risk-neutral long run expected volatility of zero-
coupon swap rates for the models with stochastic volatility. This measure of
the price of volatility risk is essentially zero for the A2(3)o model that we
estimated with options and small but negative for the A1(3)o model that we
estimated with options. When we do not include options in estimation, this
measure of the price of volatility risk is more negative in the A1(3) model, and

17The long run expected volatility of the τ -year zero-coupon swap rate is

1

τ

√

B (τ)
⊤

∆
[

α − β
(
KP

1

)−1
KP

0

]

B (τ) .

The long run risk neutral expected volatility of the τ -year zero-coupon swap rate is

1

τ

√

B (τ)
⊤

∆
[
α − β K−1

1 K0

]
B (τ) .
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Figure 3: Actual and Risk Neutral Expected Volatility - A2(3)
These figures show the long run expected volatility of zero coupon yields with
maturities up to 10 years. The plot on the left shows the expected long run
volatility in the A2(3) model that is estimated without using options. The plot
on the right shows the expected long run volatility in the A2(3)o model that is
estimated using options. The dashed line is the expected volatility under the
risk neutral pricing measure. The solid line is the actual expected volatility.

large and positive for the A2(3) model. Therefore, including options also affects
the price of volatility risk that we estimate. Since the A1(3)o and A2(3)o are
best at pricing interest rate caps and predicting excess returns, these models
indicate that the price of volatility risk is small, and possibly negative.

4 Linear Projection of Yields

Dai and Singleton (2002) present two additional challenges for dynamic term
structure models that are related to risk premia in fixed income markets. The
first challenge, which Dai and Singleton (2002) refer to as LPY(I), is to match
the pattern of violations of the expectations hypothesis documented in Fama
and Bliss (1987) and Campbell and Shiller (1991). These papers regress excess
returns on the slope of the yield curve and find that the regression coefficient
is not 1, but instead it is negative (or more so for longer maturities). Dai and
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Singleton’s second related challenge, LPY(II), states that when excess returns
are adjusted by model-implied risk premia, the expectations hypothesis should
be restored and the regression coefficient on the slope of the yield curve should
be 1.
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Figure 4: Regression Coefficients from Linear Projection on Yields
This figure shows the regression coefficients of the Campbell-Shiller regression
Rn−1

t+1 −Rn
t on slope, (Rn

t − rt)/(n− 1). The model values are simulated mean
regression coefficients. The A0(3), A1(3), and A2(3) models were estimated by
inverting 3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and
7-year zeros with error. The A1(3)o and A2(3)o models were estimated with
the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money
cap prices were measured with error.

Specifically, Fama and Bliss (1987) and Campbell and Shiller (1991) perform
the following regression

rn−∆t
t+∆t − rn

t = Φ0,n + Φ1,n

∆t

n − ∆t

(
rn
t − r∆t

t

)
+ εn

t ,
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and find that the regression coefficients, Φ̂1,n, are increasingly negative for
larger maturities n. Figure 4 provides the LPY(I) regression results for the
models that we estimate.18,19 Dai and Singleton (2002) find that only the
A0(3) model matches LPY(I), but we find that all of the models are statisti-
cally consistent with the observed slope coefficients.20 For all of the models,
the observed slope coefficients lie within a simulated 95% confidence interval.
However, the point estimates in the A0(3), A1(3)o, and A2(3)o models are much
closer to the observed regression coefficients in the data. Figure 5 shows the
95% simulated confidence interval for the A1(3)o model.

The second challenge, LPY(II), states that if the risk premium in the model
is correct, then the risk premium adjusted regression

rn−∆t
t+∆t − rn

t +
∆t

n − ∆t
Et

[
re,n
t,∆t

]

︸ ︷︷ ︸

PACY n
t,∆t

= Φ0,n + Φ1,n

∆t

n − ∆t

(
rn
t − r∆t

t

)

︸ ︷︷ ︸

SLOPEn
t

+εn
t , (13)

should produce a regression coefficient Φ̂1,n = 1. We find that the combination
of small sample size and near unit roots in zero-coupon swap rates results in
a small, but non-negligible, bias in the regression coefficients. The source of
this bias is described in Appendix D. Though cumbersome, the bias can be
computed in closed form and will not, in general, be zero. Instead of directly
computing the bias, we estimate it by simulating directly from the model and
computing the deviation from unity of the simulated LPY(II) coefficients.

Figure 6 shows the model LPY(II) regression results adjusted for the bias.
The A1(3)o and A2(3)o models that we estimate with options dominate the
A0(3), A1(3), and A2(3) models that we estimate without options. Although
we do not recover an exact regression coefficient of one, the value is quite
near the center of the simulated confidence intervals for the A0(3), A1(3)o, and
A2(3)o models. Figure 7 shows the simulated 95% confidence interval for the
A1(3)o model. The stochastic volatility models that we estimated without

18We compute the linear projections using 3 month changes in swap rates rather than the
1 month changes that Dai and Singleton (2002) use. We chose 3 month changes to minimize
the effect from bootstrapping the zero coupon yield curve. The results for 1 month changes
are qualitatively similar.

19The mean regression coefficients for each model were generated using 1,000 simulations.
20We use the Cheridito et al. (2007) specification for the market prices of risk which is

more flexible than the specification that Dai and Singleton (2002) used.
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Figure 5: Confidence Interval for Linear Projection on Yields
This figure shows the sample regression coefficient of the Campbell-Shiller
regression Rn−1

t+1 − Rn
t on slope, (Rn

t − rt)/(n − 1) for the A1(3)o model. The
dotted line provides the confidence interval computed from simulation. The
model was estimated by inverting 3-month, 2-year, and 10-year swap zeros
and measuring 1-, 3-, 5-, and 7-year zeros and 1-, 2-, 3-, 4-, 5-, 7-, and 10-year
at-the-money cap prices with error.

options nearly follow the 95% lower confidence bound. In summary, when
we include options in estimation, the expected excess returns in the A1(3)o

and A2(3)o models match the desired properties of linear projections on yields
proposed in Dai and Singleton (2003).
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Figure 6: Risk Premium Projection Adjusted for Bias
This figure shows the regression coefficient from the projection of risk premium
adjusted excess returns on the slope, (Rn

t − rt)/(n− 1). The regression coeffi-
cient is adjusted for small sample bias which we compute via simulation. The
A0(3), A1(3), and A2(3) models were estimated by inverting 3-month, 2-year,
and 10-year swap zeros and measuring 1-, 3-, 5-, and 7-year zeros with error.
The A1(3)o and A2(3)o models were estimated with the additional assumption
that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money cap prices were measured
with error.
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Figure 7: Confidence Interval for LPY(II)
This figure shows the confidence interval for the regression coefficient in the
A1(3)o model from the projection risk premium adjusted excess returns on the
slope, (Rn

t −rt)/(n−1). The solid line is the regression coefficient for the A1(3)o.
The difference between the solid line at 1 and the dashed line (labeled ’Mean
Simulated’) represents the small sample bias in the regression coefficient. The
lines in Figure 6 are adjusted for this bias.. The A1(3)o model is estimated
by inverting 3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-,
and 7-year zeros and 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money cap prices
with error.

21



5 Factor Analysis

Litterman and Scheinkman (1991) find that most of the variation in bond re-
turns can be explained by the level, slope, and curvature of the yield curve.
In this section we examine how the expected excess returns in each of model
depend on the level, slope, and curvature of yields (which are, in turn, affine
functions of the underlying states in the model). In each model that we esti-
mate we can write

Et

[
re,τ
t,∆t

]
= CONSTANT + LEVEL× r0.5

t + SLOPE×
(
r10
t − r0.5

t

)

+ CURVATURE×
(
2 · r2

t − r10
t − r0.5

t

)
. (14)

Table 4 provides the values for CONSTANT, LEVEL, SLOPE, and CURVATURE for
each of the models that we estimate. The value of CURVATURE is virtually
the same in the A1(3) and A1(3)o models, but the value of LEVEL increases
slightly from 1.2019 to 1.5896 and the value of SLOPE doubles from 1.4992 to
2.9757. Similarly, for the A2(3) and A2(3)o models, the value of CURVATURE is
very similar, but the value of LEVEL increases from 0.4109 to 1.5082 and the
value of SLOPE increases from 0.6602 to 2.8510. Therefore, including options
in model estimation primarily helps to identify the risk premium (or expected
excess return) that is associated with the slope of the yield curve. For the
A2(3)o model, including options in estimation also helps to identify the risk
premium that is associated with the level of the yield curve. It is interesting
to note that the value of SLOPE is very similar in the A0(3), A1(3)o, and A2(3)o

models (2.7523, 2.9757, and 2.8510 respectively) which are the best models for
predicting excess returns and match the projections of excess returns on the
slope of the yield curve.

Comparing across the A0(3) model and the models that we estimate with
options, the A0(3) and A1(3)o models differ mainly in the value of LEVEL

(1.0793 verus 1.5896 respectively). The A0(3) and A2(3)o models differ in
the values of both LEVEL (1.0793 verus 1.5082 respectively) and CURVATURE (-
0.3025 versus 0.2898 respectively). The A1(3)o and A2(3)o models differ mainly
in the value of CURVATURE (-0.3561 versus 0.2898 respectively).
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A0(3) A1(3) A1(3)o A2(3) A2(3)o

CONSTANT -0.0721 -0.0531 -0.0943 0.0001 -0.0840
LEVEL 1.0793 1.2019 1.5896 0.4109 1.5082
SLOPE 2.7523 1.4992 2.9757 0.6602 2.8510

CURVATURE -0.3025 -0.3517 -0.3561 0.4066 0.2898

Table 4: Composition of Expected Excess Return
This table provides the values for CONSTANT, LEVEL, SLOPE, and CURVATURE for
each of the models that we estimate, where the 1-year expected excess return
on a 5-year zero-coupon bond is

Et

[
re,5
t,1

]
= CONSTANT + LEVEL× r0.25

t + SLOPE×
(
r10
t − r0.25

t

)

+ CURVATURE×
(
2 · r2

t − r10
t − r0.25

t

)
.

For example, the 1-year expected excess return on a 5-year zero-coupon bond
in the A1(3)o model is

Et

[
re,5
t,1

]
= −0.0943 + 1.5896 × r0.25

t + 2.9757 ×
(
r10
t − r0.25

t

)

− 0.3561 ×
(
2 · r2

t − r10
t − r0.25

t

)
,

where r0.25
t is the 3-month interest rate, r2

t is the 2-year interest rate, and r10
t

is the 10-year interest rate.

6 Conclusion

Interest rate options may contain information about the risk premium in long-
term interest rates because their prices are sensitive to the volatility and mar-
ket prices of the underlying interest rates. We use the time series of interest
rate cap prices and swap rates to estimate 3-factor affine term structure mod-
els. The risk premiums that we estimate using interest rate option prices
are better able to predict excess returns for long-term swaps over short-term
swaps. We show that including options reduces the estimate of the risk-neutral
long-run mean of yields and increases the estimated rate of mean reversion to
a more plausible level. We also show that including options reduces our esti-
mate of the magnitude of the price of volatility risk, and helps us to identify
the portion of the risk premium that is associated with the slope and level of
the yield curve. With a correction for a small sample bias, the models with
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stochastic volatility that we estimate with options also capture the failure of
the expectations hypothesis and match regressions of returns on the slope of
the yield curve.
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A Estimation

We use quasi-maximum likelihood to estimate model parameters for A0(3),
A1(3), and A2(3) models described by equation (2). We estimate all of the
models under the assumption that the model correctly prices 3-month Libor
and the 2- and 10-year zero-coupon swap rates exactly and we assume that
the remaining zero-coupon swap rates are priced with error. In addition, we
estimate another set of parameters for the A1(3) and A2(3) models under the
assumption that at-the-money caps with maturities of 1-, 2-, 3-, 4-, 5-, 7-, and
10-years are also priced with error. We refer to these versions of the models
that we estimate with option prices as the A1(3)o and A2(3)o models.

Using the instruments priced without error and the risk neutral dynamics of
Xt, we invert to find the time series of states {Xt}. Given the states, we then
compute the model implied prices of the instruments priced without error.
Following Dai and Singleton (2002), we assume that the pricing errors are
IID normal with mean zero. Finally, using the physical dynamics of the state
vector and the QML approximation, we compute the likelihood of the inverted
states. This gives the liklelihod of a given set of parameters to be:

likelihood =
∏

ℓP
QML(Xt|Xt−1) · (Jacobian) · (likelihood of pricing errors).

We use a slighlty different procedure than Duffee (2002) to compute the con-
ditional mean and variance of the state variable. For a general affine process,
Xt, with conditional drift K0+K1Xt and conditional variance H0+H1 ·Xt, the
mean and variance of Xt conditional on X0 satisfy the differential equations

Ṁt = K0 + K1Mt ,

V̇t = K1Vt + VtK
⊤
1 + H0 + H1 · Mt ,

If we let f be the (N +N2)-vector (M, vec(V )), then by stacking these coupled
ODEs we see that f satisfies the ODE

ḟ =

[
K1 0
∆ IN ⊗ K1 + K1 ⊗ IN

]

f +

[
K0

vec(H0)

]

,

where ∆ is an (N2 × N) matrix with ∆i,j = vec(H1,·,·,i)j. Rather than con-
sidering separate cases to solve this ODE in closed form, we instead compute
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the fundamental solution numerically using 4th order Runge-Kutta. From the
fundamental solution, it is then easy to compute the solution for arbitrary
initial conditions.

In each of the models that we estimate, the latent factors are linear com-
binations of the 3-month, 2-year, and 10-year zero-coupon yields (r0.25

t , r2
t ,

and r10
t respectively). In order to facilitate comparisons, we characterize each

model by its implications for:

• the dynamics of these yields

dRt = KP
(
θ P − Rt

)
dt +

√

Σ0 + Σ1 r0.25
t + Σ2 r2

t + Σ3 r10
t dWt ; (12a)

• and the risk-neutral dynamics of these yields

dRt = KQ
(
θ Q − Rt

)
dt +

√

Σ0 + Σ1 r0.25
t + Σ2 r2

t + Σ3 r10
t dW Q

t . (12b)

• the dependence of the short interest rate on these yields,

rt = ρ0 + [ρ3m, ρ2y, ρ10y] ·
[
r0.25
t , r2

t , r
10
t

]⊤

︸ ︷︷ ︸

Rt

; (12c)

In equations (12a) and (12b), {Σ0, Σ1, Σ2, Σ3} are symmetric positive-definite
matrices that govern the covariance of yields. θ P is the long-run means of
the 3-month, 2-year, and 10-year zero-coupon yields and θ Q is their long-run
means under the risk-neutral measure. KP governs the rate of mean reversion
and KQ determines the mean reversion under the risk-neutral measure.
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Parameter Estimate

A0(3) A1(3) A1(3)o A2(3) A2(3)o

ρ0 -0.00117 -0.00121 -0.00304 -0.0012 -0.00279
ρ3m 1.38 1.39 1.42 1.39 1.4
ρ2y -0.54 -0.556 -0.605 -0.56 -0.574
ρ10y 0.172 0.178 0.232 0.18 0.216

θP
3m 4 3.31 3.86 1.44 4.3

θP
2y 4.51 3.96 4.3 1.79 4.58

θP
10y 5.5 5.31 5.38 2.82 5.33

KP
3m,3m 2.07 2.79 2.77 2.41 2.84

KP
3m,2y -3.12 -3.99 -4.45 -3.48 -4.32

KP
3m,10y 1.12 1.55 2.51 1.26 2.18

KP
2y,3m -0.362 0.86 -0.185 0.403 -0.869

KP
2y,2y 0.311 -0.986 0.144 -0.107 1.28

KP
2y,10y 0.349 0.464 0.468 -0.177 -0.0304

KP
10y,3m -1.21 0.00219 -0.971 -0.194 -1.47

KP
10y,2y 1.21 0.178 1.22 0.531 2.1

KP
10y,10y 0.371 0.141 0.0189 -0.257 -0.388

Table 5: Parameter Estimates: ρ, KP, and θP.
This table presents the parameter estimates of ρ, KP, and θP from equations

dRt = KP
(
θ P − Rt

)
dt +

√

Σ0 + Σ1 r0.25
t + Σ2 r2

t + Σ3 r10
t dWt , (12a)

and
rt = ρ0 + [ρ3m, ρ2y, ρ10y] ·

[
r0.25
t , r2

t , r
10
t

]⊤

︸ ︷︷ ︸

Rt

, (12c)

where Rt := [r0.25
t , r2

t , r
10
t ]

⊤
is the vector of 3-month, 2-year, and 10-year zero-

coupon yields. The A0(3), A1(3), and A2(3) models were estimated by in-
verting 3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and
7-year zeros with error. The A1(3)o and A2(3)o models were estimated with
the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money
cap prices were measured with error.
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Parameter Estimate

A0(3) A1(3) A1(3)o A2(3) A2(3)o

θ Q
3m 11.1 10.5 8.02 13 8.14

θ Q
2y 11.1 10.5 8.02 13 8.14

θ Q
10y 11 10.4 7.86 12.7 7.98

KQ
3m,3m 2.85 2.92 3.08 2.93 2.95

KQ
3m,2y -3.97 -4.08 -4.41 -4.1 -4.2

KQ
3m,10y 1.21 1.25 1.63 1.27 1.52

KQ
2y,3m 0.856 0.854 0.853 0.855 0.855

KQ
2y,2y -0.722 -0.716 -0.709 -0.72 -0.711

KQ
2y,10y -0.142 -0.146 -0.168 -0.144 -0.168

KQ
10y,3m 0.129 0.119 0.124 0.13 0.141

KQ
10y,2y -0.0026 0.03 0.0192 -0.00315 -0.00956

KQ
10y,10y -0.115 -0.14 -0.123 -0.122 -0.11

Table 6: Parameter Estimates: KQ and θ Q.
This table presents the parameter estimates of KQ and θ Q from

dRt = KQ
(
θ Q − Rt

)
dt +

√

Σ0 + Σ1 r0.25
t + Σ2 r2

t + Σ3 r10
t dWt , (12b)

where Rt := [r0.25
t , r2

t , r
10
t ]

⊤
is the vector of 3-month, 2-year, and 10-year zero-

coupon yields. The A0(3), A1(3), and A2(3) models were estimated by in-
verting 3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and
7-year zeros with error. The A1(3)o and A2(3)o models were estimated with
the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money
cap prices were measured with error.
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Parameter Estimate

A0(3) A1(3) A1(3)o A2(3) A2(3)o

Σ0
3m,3m 0.278 0.174 0.038 0.0173 -0.00649

Σ0
3m,2y 0.237 0.118 0.0309 0.0217 -0.00685

Σ0
3m,10y 0.15 0.0741 0.0249 0.0199 -0.00276

Σ0
2y,2y 0.757 0.19 -0.437 0.0595 -0.212

Σ0
2y,10y 0.666 0.154 -0.386 0.0999 -0.115

Σ0
10y,10y 0.853 0.166 -0.445 0.137 -0.109

Σ1
3m,3m 0.0219 0.0238 0.0725 0.0417

Σ1
3m,2y 0.0388 0.0217 0.0457 0.0444

Σ1
3m,10y 0.027 0.0141 0.0116 0.0334

Σ1
2y,2y 0.242 0.241 0.127 -0.0171

Σ1
2y,10y 0.204 0.209 0.0221 -0.129

Σ1
10y,10y 0.244 0.23 -0.00164 -0.181

Σ2
3m,3m -0.0658 -0.0809 -0.148 -0.121

Σ2
3m,2y -0.117 -0.074 -0.0975 -0.117

Σ2
3m,10y -0.0809 -0.0478 -0.0294 -0.0828

Σ2
2y,2y -0.726 -0.82 -0.285 -0.419

Σ2
2y,10y -0.614 -0.711 -0.0794 -0.183

Σ2
10y,10y -0.732 -0.784 -0.0427 -0.134

Σ3
3m,3m 0.0488 0.0757 0.104 0.103

Σ3
3m,2y 0.0864 0.0693 0.0801 0.0933

Σ3
3m,10y 0.06 0.0448 0.0377 0.0635

Σ3
2y,2y 0.538 0.767 0.273 0.59

Σ3
2y,10y 0.455 0.665 0.157 0.434

Σ3
10y,10y 0.542 0.733 0.166 0.444

Table 7: Parameter Estimates: Σ0, Σ1, Σ2, and Σ3.
This table presents the parameter estimates of Σ0, Σ1, Σ2, and Σ3 from equa-
tion (12). The matrices are symmetric so the lower diagonal elements are not
reported in order to conserve space. The A0(3), A1(3), and A2(3) models were
estimated by inverting 3-month, 2-year, and 10-year swap zeros and measuring
1-, 3-, 5-, and 7-year zeros with error. The A1(3)o and A2(3)o models were
estimated with the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year
at-the-money cap prices were measured with error.
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A0(3) A1(3) A1(3)o A2(3) A2(3)o

6 Month 7.1 7.1 6.8 7.1 6.8
1 Year 9.9 9.9 9.3 10.0 9.3
3 Year 4.1 4.1 4.5 4.1 4.5
4 Year 5.3 5.2 6.3 5.2 6.2
5 Year 5.2 5.2 6.7 5.2 6.6
7 Year 3.8 3.8 5.5 3.8 5.3

Table 8: Pricing Errors in BPS for Swap Implied Zeros
This table shows the root mean square pricing errors in basis points for yields
on swap implied zeros. The A0(3), A1(3), and A2(3) models were estimated by
inverting 3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and
7-year zeros with error. The A1(3)o and A2(3)o models were estimated with
the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money
cap prices were measured with error.

B Fit to Yields and Cap Prices

Table 8 provides the root mean squared pricing errors (in basis points) for zero-
coupon swap rates with different maturities. The root mean squared errors are
0 for the 3-month, 2-, and 10-year zero coupon swap rates because the latent
state variables are chosen so that the models correctly price these rates. The
root mean squared pricing errors for other maturities range from about 4 basis
points to about 10 basis points.21 There is very little difference in the cross-
sectional fit between the A0(3), A1(3), and A2(3) models that we estimate
without using options. Similarly, there is also little difference between the
A1(3)o and A2(3)o models that we estimate with options. The use of options
to estimate the A1(3)o and A2(3)o models has only a small effect on the models’
fits to the cross-section of zero-coupon swap rates with different maturities.
Including options improves the fit (relative to models that we estimate without
using options) by less than a basis point at the short end of the yield curve
(up to 1 year) and worsens the fit by slightly more than a basis point at the
long end of the yield curve (beyond 1 year).

21The cross-sectional pricing errors for all of the models that we estimate are comparable
with the pricing errors reported in recent papers such as Dai and Singleton (2000), Duffee
(2002), and Cheridito et al. (2007).
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A0(3) A1(3) A1(3)o A2(3) A2(3)o

1 Year 33.6 32.4 36.4 33.3 35.5
2 Year 19.9 19.0 14.6 16.9 14.4
3 Year 18.9 18.0 10.9 15.7 10.9
4 Year 17.3 17.3 9.6 14.2 9.6
5 Year 16.3 17.0 9.2 13.3 9.0
7 Year 14.3 16.1 8.6 11.7 8.3

10 Year 13.4 15.8 9.2 11.0 8.9

Table 9: Relative Pricing Errors in % for At-the-Money Caps
This table shows the root mean square relative pricing errors in % for at-the-
money caps. The A0(3), A1(3), and A2(3) models were estimated by inverting
3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and 7-year
zeros with error. The A1(3)o and A2(3)o models were estimated with the
additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money cap
prices were measured with error.

Table 9 displays the root mean squared pricing errors in percentage terms
for at-the-money caps with various maturities.22 For all of the models, the
percentage pricing errors are worst for 1-year caps and decline as the maturity
of the cap increases.23 Amongst the models that we estimate without including
options, the A2(3) model provides the best fit to the cross-section of at-the-
money cap prices. The A1(3)o and A2(3)o models have slightly larger relative
pricing errors for 1-year caps than their A1(3) and A2(3) counterparts that we
estimate without options. However, the relative pricing errors for caps with
longer maturities are considerably lower when we include caps in estimation.
For example, the root mean squared relative pricing error for at-the-money 5-
year caps is 17% in the A1(3) model and is 9.2% in the A1(3)o model. Similarly,

22Figures 8 and 9 provide 3- and 5-year at-the-money cap prices for the A1(3), A1(3)o,
A2(3), and A2(3)o models. Figure 10 plots the time series of prices in the A1(3)o model
for at-the-money caps with maturities from 1 to 10 years. The time series of cap prices is
similar for the A2(3)o model.

23The root mean squared relative pricing errors for 1-year caps range from 32.4% to 36.4%.
The pricing errors for zero-coupon swap rates are also largest at 1-year. Dai and Singleton
(2002) find that a fourth factor is required to capture the short end of the yield curve. We
choose to implement more parsimonious 3-factor models because we are primarily interested
in predicting changes in long-term interest rates.
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the root mean squared relative pricing error for at-the-money 5-year caps is
13.3% in the A2(3) model and 9.0% in the A2(3)o model. The relative pricing
errors for the A2(3)o model are slightly better than those for the A1(3)o.

The pricing errors for caps from the A1(3)o and A2(3)o models that we es-
timate with options compare favorably with the pricing errors that have been
reported in previous literature.24 Driessen et al. (2003) estimate a 3-factor
Gaussian HJM model with cap data and report absolute pricing errors (av-
eraged across maturities) of 17.1%. Li and Zhao (2006) estimate a 3-factor
quadratic term structure model and find that the root mean squared percent-
age pricing error for 5-year at-the-money caps is 10.4%. Jagannathan et al.
(2003) estimate a 3-factor CIR model and find that the mean absolute pricing
errors are 36.62 basis points for 5-year caps compared to a mean market price
of 284.84 basis points (the results are similar for caps with other maturities).
Longstaff et al. (2001) estimate a 4-factor string market model using swaptions
and find that it overprices caps. They report that the mean percentage valu-
ation error for 5-year caps is 5.665% and ranges from a minimum of -2.385%
to a maximum of 38.071%. All of these papers report larger pricing errors for
shorter-dated caps.

Although not reported here, the A1(3)o and A2(3)o that we estimate with
caps also provide an excellent fit to the prices of at-the-money swaptions.

24Previous papers have also used interest rate option prices other than caps to estimate
dynamic term structure models. Umantsev (2002) finds that pricing errors for swaptions are
significantly reduced when he uses swaption prices to estimate affine term structure models.
Bikbov and Chernov (2005) use Eurodollar options to estimate term structure models with
constant, stochastic, and unspanned stochastic volatility. They find that only stochastic
volatility models (such as our A1(3)o and A2(3)o models) can reconcile both option prices
and the term structure of interest rates.
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Figure 8: 3-Year At-the-money Cap Prices
The top figure plots the 3-year at-the-money cap prices in the A1(3) and
A1(3)o models. The bottom figure plots the 3-year at-the-money cap prices in
the A2(3) and A2(3)o models. The A1(3) and A2(3) models were estimated by
inverting 3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and
7-year zeros with error. The A1(3)o and A2(3)o models were estimated with
the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money
cap prices were measured with error.
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Figure 9: 5-Year At-the-money Cap Prices
The top figure plots the 5-year at-the-money cap prices in the A1(3) and
A1(3)o models. The bottom figure plots the 5-year at-the-money cap prices in
the A2(3) and A2(3)o models. The A1(3) and A2(3) models were estimated by
inverting 3-month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and
7-year zeros with error. The A1(3)o and A2(3)o models were estimated with
the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money
cap prices were measured with error.
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Figure 10: Cap Prices for A1(3)o model
This figure plots cap prices for 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money
caps. The think lines indicate actual prices. The model prices for the A1(3)o

model are plotted in thicker lines, with longer maturities having higher prices.
The A1(3)o model was estimated by inverting 3-month, 2-year, and 10-year
swap zeros. Additionally, the 1-, 3-, 5-, and 7-year zeros and 1-, 2-, 3-, 4-, 5-,
7-, and 10-year at-the-money cap prices were measured with error.
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A0(3) A1(3) A1(3)o A2(3) A2(3)o

6 Month 0 19.2 28.9 39.1 30.1
1 Year 0 50.8 56.3 58.3 52.9
2 Year 0 75.0 77.0 63.2 66.9
3 Year 0 83.0 81.5 39.0 70.6
4 Year 0 84.4 81.4 15.4 71.9
5 Year 0 84.1 79.3 -2.6 69.3
7 Year 0 84.3 77.4 -21.2 66.4

10 Year 0 82.0 75.0 -26.7 61.6

Table 10: Correlation between model and EGARCH volatility
This table shows the correlation between model-implied one-week volatilities
and EGARCH(1,1) volatility estimates. The A0(3), A1(3), and A2(3) models
were estimated by inverting 3-month, 2-year, and 10-year swap zeros and mea-
suring 1-, 3-, 5-, and 7-year zeros with error. The A1(3)o and A2(3)o models
were estimated with the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and
10-year at-the-money cap prices were measured with error.

C Fit to Volatility

In this section we examine how well the term structure models match the con-
ditional volatility of interest rates. Unlike prices, conditional volatility is not
directly observed and therefore it must be estimated.25 For estimates of con-
ditional volatility based on historical data we use an exponential weighted mov-
ing average (EWMA) with a 26-week half-life, and also estimate an EGARCH(1,1)
for each zero-coupon swap rate maturity. Figures 11, 12, and 13 plot the con-
ditional volatility of zero-coupon swap rates from the term structure models
against our estimates of conditional volatility that use historial data. Tables 10
and 11 provide the correlation between the conditional volatilty in the pricing
model and the EGARCH and EWMA estimates of conditional volatility re-
spectively. Table 12 provides the average conditional volatilities for the pricing
models and the EGARCH and EWMA estimates.

The volatility of the 6-month zero-coupon swap rate is very similar between

25Implied volatilities from cap prices are forward looking and directly observable. How-
ever, in the case of models with stochastic volatility, the market prices of risk may cause
the implied volatilities from cap prices to differ from the actual conditional volatility.
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Figure 11: Realized Volatility of 6-Month Zero-Coupon Swap Rate
These figures plot weekly model conditional volatility of the 6-month zero
coupon swap rate against various estimates of weekly conditional volatility
using historical data. For estimates of conditional volatility based on historical
data we use an exponential weighted moving average (EWMA) with a 26-week
half-life and estimate an EGARCH(1,1) for each maturity. The top plot shows
the conditional volatility in the A1(3) and A1(3)o models. The bottom plot
shows the conditional volatility in the A0(3), A2(3), and A2(3)o models. The
A0(3), A1(3), and A2(3) models were estimated by inverting 3-month, 2-year,
and 10-year swap zeros and measuring 1-, 3-, 5-, and 7-year zeros with error.
The A1(3)o and A2(3)o models were estimated with the additional assumption
that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money caps were measured with
error. 37
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Figure 12: Realized Volatility of 2-Year Zero-Coupon Swap Rate
These figures plot weekly model conditional volatility of the 2-year zero coupon
swap rate against various estimates of weekly conditional volatility using his-
torical data. For estimates of conditional volatility based on historical data we
use an exponential weighted moving average (EWMA) with a 26-week half-life
and estimate an EGARCH(1,1) for each maturity. The top plot shows the
conditional volatility in the A1(3) and A1(3)o models. The bottom plot shows
the conditional volatility in the A0(3), A2(3), and A2(3)o models. The A0(3),
A1(3), and A2(3) models were estimated by inverting 3-month, 2-year, and
10-year swap zeros and measuring 1-, 3-, 5-, and 7-year zeros with error. The
A1(3)o and A2(3)o models were estimated with the additional assumption that
1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money caps were measured with error.
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Figure 13: Realized Volatility of 10-Year Zero-Coupon Swap Rate
These figures plot weekly model conditional volatility of the 10-year zero
coupon swap rate against various estimates of weekly conditional volatility
using historical data. For estimates of conditional volatility based on histor-
ical data we use an exponential weighted moving average (EWMA) with a
26-week half-life and estimate an EGARCH(1,1) for each maturity. The top
plot shows the conditional volatility in the A1(3) and A1(3)o models. The
bottom plot shows the conditional volatility in the A0(3), A2(3), and A2(3)o

models. The A0(3), A1(3), and A2(3) models were estimated by inverting 3-
month, 2-year, and 10-year swap zeros and measuring 1-, 3-, 5-, and 7-year
zeros with error. The A1(3)o and A2(3)o models were estimated with the ad-
ditional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money caps
were measured with error. 39



A0(3) A1(3) A1(3)o A2(3) A2(3)o

6 Month 0 33.2 41.8 35.1 40.3
1 Year 0 55.8 62.7 54.5 63.4
2 Year 0 74.0 76.0 50.1 76.1
3 Year 0 76.7 75.6 29.6 75.6
4 Year 0 77.2 74.1 9.9 74.0
5 Year 0 77.4 73.0 -3.4 72.0
7 Year 0 80.6 74.2 -18.7 71.4

10 Year 0 80.7 75.8 -18.9 71.7

Table 11: Correlation between model and EWMA volatility
This table provides the correlation between model-implied one-week volatilities
and Exponential Weighted Moving Average volatility estimates. The EWMA
estimates were computing using a 26 week half-life. The A0(3), A1(3), and
A2(3) models were estimated by inverting 3-month, 2-year, and 10-year swap
zeros and measuring 1-, 3-, 5-, and 7-year zeros with error. The A1(3)o and
A2(3)o models were estimated with the additional assumption that 1-, 2-, 3-,
4-, 5-, 7-, and 10-year at-the-money caps were measured with error.

the A1(3) and A1(3)o models, and between the A2(3) and A2(3)o models. The
historical estimates of the conditional volatility of the 6-month zero-coupon
swap rate jump in 2001 and none of the models track this jump.26 However,
all of the pricing models match the average level of the estimates of conditional
volatility of the 6-month zero-coupon swap rate.

For maturities beyond 1 year, the conditional volatility of zero-coupon swap
rates in the A1(3), A1(3)o, and A2(3)o models are all highly correlated with
both the EGARCH and EWMA estimates of conditional volatility. The cor-
relations are highest in the A1(3) model, followed closely by the A1(3)o model,
and then the A2(3)o model. The conditional volatility in the A2(3) model is
positively correlated with the estimates of conditional volatility for maturities
up to 4 years, but negatively correlated for maturities beyond 4 years. The
A1(3) and A2(3) models match the average level of conditional volatility for

26Collin-Dufresne and Goldstein (2002b) find that the volatility of short-term interest
rates is not related to the yield curve. Collin-Dufresne et al. (2008) argue that a four-factor
model with unspanned stochastic volatility is required to capture the volatility of the short
end of the yield curve.
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A0(3) A1(3) A1(3)o A2(3) A2(3)o EGARCH EWMA

6 Month 7.3 6.8 6.1 6.6 6.1 6.6 6.5
1 Year 9.8 10.5 11.2 10.1 11.1 9.9 10.3
2 Year 12.0 13.1 14.8 12.7 14.8 12.6 12.9
3 Year 12.7 13.6 15.8 13.4 15.9 13.3 13.5
4 Year 12.8 13.6 16.0 13.5 16.1 13.5 13.7
5 Year 12.8 13.5 15.9 13.5 16.0 13.7 13.9
7 Year 12.8 13.2 15.3 13.4 15.4 13.6 13.8

10 Year 12.7 12.8 14.2 13.1 14.2 13.5 13.6

Table 12: Average Conditional Volatilities
This table shows the the average conditional one week volatility of swap rates,
σt(yt+1), in basis points. Semi-nonparametric estimates of the the average
conditional one week volatility are also provided. The A0(3), A1(3), and A2(3)
models were estimated by inverting 3-month, 2-year, and 10-year swap zeros
and measuring 1-, 3-, 5-, and 7-year zeros with error. The A1(3)o and A2(3)o

models were estimated with the additional assumption that 1-, 2-, 3-, 4-, 5-,
7-, and 10-year at-the-money cap prices were measured with error.

the EGARCH and EWMA estimates. The average conditional volatility in
the A1(3)o and A2(3)o models are about 2% higher than the estimates based
on EGARCH and EWMA.

The conditional volatility of all swap rates is constant in the A0(3) model
and therefore it cannot capture any time-series variation. Over our sample
period, the average level of conditional volatility in the A0(3) model for zero-
coupon swap rates with different maturities is slightly below our estimates
based on historical data.

In summary, none of the models match the conditional volatility of short-
term interest rates, but the A1(3), A1(3)o, and A2(3)o models capture the
conditional volatility of long-term interest rates.
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D Regression Bias in Yield Projections

We find that the combination of small sample size and near unit roots in zero-
coupon swap rates results in a small, but non-negligible, bias in the coefficients
for the risk premium adjusted regression in equation (13),

rn−∆t
t+∆t − rn

t +
∆t

n − ∆t
Et

[
re,n
t,∆t

]
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t,∆t
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∆t

n − ∆t

(
rn
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+ εn
t .

To better understand the source of this bias, note that the regression coefficient
in equation (13) is Φ̂1,n = U/V , where

U :=
M−1∑

m=0

(
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) (
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,

and PACYn and SLOPEn are the sample averages. In general, E [U ] 6= E [V ].27

The bias can be approximated by a second order Taylor series expansion:
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For k < m, the residual, εk∆t = Ek∆t

[
PACYn

k∆t,∆t

]
− SLOPEn

k∆t, may be correlated with
SLOPEn

m∆t (and is likely to be more correlated when SLOPEn
m∆t is more nearly stationary).

Therefore E
[
PACYn

k∆t,∆tSLOPEn
m∆t

]
6= E [SLOPEn

k∆tSLOPEn
m∆t]. Note that this bias is

essentially the same as the bias in the regression yt = α + ρyt−1 + ut when the true model
is yt = yt−1 + ut. See Case 2 in Section 17.4 of Hamilton (1994).
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Though cumbersome, the bias can be computed in closed form and is not,
in general, zero. Instead of directly computing the bias, we estimate it by
simulating directly from the model and computing the deviation from unity of
the simulated LPY(II) coefficients.

E Additional Tables and Figures
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A0(3) A1(3) A1(3)o A2(3) A2(3)o

2 Yr
0.7 0.9 3.5 -0.2 3.4

(9.4) (9.6) (9.2) (9.4) (9.2)

3 Yr
6.5 4.0 8.6 2.7 9.7

(9.1) (9.6) (8.8) (9.4) (8.5)

4 Yr
10.2 5.9 11.7 4.0 13.0
(8.9) (9.6) (8.5) (9.5) (8.3)

5 Yr
12.5 7.0 13.5 4.6 14.6
(8.7) (9.4) (8.6) (9.6) (8.2)

6 Yr
13.8 7.5 14.4 4.9 15.5
(8.6) (9.3) (8.4) (9.4) (8.1)

7 Yr
14.9 7.9 15.1 5.2 16.0
(8.6) (9.2) (8.2) (9.5) (8.1)

8 Yr
15.4 8.0 15.4 5.2 16.2
(8.4) (9.2) (8.4) (9.5) (8.1)

9 Yr
15.9 8.0 15.6 5.3 16.3
(8.4) (9.0) (8.4) (9.6) (8.0)

10 Yr
16.1 8.0 15.5 5.3 16.2
(8.3) (9.1) (8.3) (9.3) (8.0)

Table 13: Predictability of Excess Returns (R2s)
This table presents R2s obtained from overlapping weekly projections of 3
month realized zero coupon swap rate returns, for different maturities, on
model implied returns. Regressions are based on overlapping data. The A0(3),
A1(3), and A2(3) models were estimated by inverting 3-month, 2-year, and 10-
year swap zeros and measuring 1-, 3-, 5-, and 7-year zeros with error. The
A1(3)o and A2(3)o models were estimated with the additional assumption that
1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money cap prices were measured with
error.
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