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1. Introdu
tionA bond or swap that is sold before it matures has an un
ertain return.There is strong empiri
al eviden
e that this return is predi
table and time-varying whi
h suggests that long-term interest rates 
ontain a time-varyingrisk premium.1 In this paper, we ask whether interest rate option pri
es 
anbe used to obtain better estimates of this risk premium. Options may 
ontainvaluable information be
ause their pri
es are sensitive to the volatility andrisk premiums in the underlying interest rates.We use an arbitrage-free term stru
ture model for our empiri
al analysisbe
ause it des
ribes the joint dynami
s of interest rate option pri
es and theunderlying interest rates. Related papers that use term stru
ture modelsto investigate the risk premium in long term interest rates use only bondsor swap rates for estimation.2 Instead, we use the joint time series of bothswap rates and interest rate 
ap pri
es with di�erent maturities. Our main�nding is that the risk premiums we estimate using option pri
es are betterable to predi
t ex
ess returns for long-term swaps. To measure predi
tability,we 
ompute an R2-statisti
 that 
ompares the squared di�eren
es betweenexpe
ted returns and 3-month realized returns on zero-
oupon swaps with dif-ferent maturities. However, rather than 
ompute expe
ted returns using lin-ear proje
tion, we instead use our model-implied expe
ted returns as a morestringent metri
. A
ross di�erent maturities, this measure of predi
tabilitytypi
ally doubles when we use options to estimate a term stru
ture modelwith one sto
hasti
 volatility fa
tor. The improvement is almost threefoldfor a term stru
ture model with two sto
hasti
 volatility fa
tors.Risk premia in term stru
ture models re�e
t the market pri
es of risk forthe fa
tors driving interest rates (or equivalently, their risk-neutral dynam-i
s). To better understand the improvement in predi
tability, we examinethe estimated risk premia and �nd that the risk-neutral dynami
s of thefa
tors are quite di�erent when the models are estimated with and withoutoptions. In the models that are estimated without options, long-run interestrates under the risk-neutral measure are high (10.4�13%) and have a very1See Fama and Bliss (1987), Campbell and Shiller (1991), and Co
hrane and Piazzesi(2005).2See Du�ee (2002), Dai and Singleton (2002), Duarte (2004), and Cheridito et al.(2007). 2



slow rate of mean reversion with a half-life of 22.4 to 31.4 years. In 
ontrast,the models estimated with options have a more modest risk-neutral long-runmean of 8% with a rate of mean reversion on the order of business 
y
lefrequen
y (the half-life is about 8 years). Both of these 
ombinations havesimilar impli
ations for swap rates, whi
h makes them di�
ult to distinguishusing only swaps. However, the two me
hanisms are 
learly di�erentiatedby their impli
ations for interest rate option pri
es. Therefore, option pri
esallow for a more pre
ise identi�
ation of the market pri
es of risk and themodels that are estimated with options are better able to explain variationin ex
ess returns.Option pri
es also help to resolve the tension, identi�ed in previous pa-pers, between mat
hing the �rst and se
ond moments of bond returns. BothDu�ee (2002) and Cheridito et al. (2007) �nd that ex
ess bond returns arebest 
aptured by 
onstant volatility models that 
annot mat
h the time-seriesvariation in interest rate volatility. We study the same 3-fa
tor a�ne termstru
ture models that were developed by Cheridito et al. (2007) (a general-ization of the models developed and studied by Du�ee, 2002), but we usethe joint time series of swaps and interest rate 
ap pri
es to estimate themodels.3 When we use option pri
es to estimate the model parameters, themodels with one or two sto
hasti
 volatility fa
tors better 
apture the varia-tion in interest rate volatility and are also best at predi
ting ex
ess returns.The models with sto
hasti
 volatility that we estimate with options alsosatisfy two additional 
hallenges posed by Dai and Singleton (2003): theysu

essfully pri
e interest rate 
aps and they 
apture the failure of the ex-pe
tations hypothesis.4 Dai and Singleton (2002) �nd that only models with
onstant volatility su

essfully mat
h the failure of the expe
tations hypothe-sis. We show that term stru
ture models with sto
hasti
 volatility also mat
h3Swaps are based on the same LIBOR interest rates as 
aps, whi
h is why we 
hooseto model swap rates rather than government bond yields. Dai and Singleton (2000) alsonote that the institutional features that a�e
t government bond yields are not a

ountedfor in standard term stru
ture models.4The failure of the expe
tations hypothesis refers to the empiri
al property that ex
essreturns to long-term bonds and swaps are negatively related to the slope of the yield 
urve(and in
reasingly so for longer maturity yields). If the expe
tations hypothesis holds,whi
h would be the 
ase if investors are risk-neutral with respe
t to interest rate risk,then forward rates are the best linear predi
tor of future interest rates. See Fama (1984a),Fama (1984b), Fama and Bliss (1987) and Campbell and Shiller (1991).3



the failure of the expe
tations hypothesis when we in
lude options in esti-mation. We further analyze these results and show that option pri
es helpto identify the portions of the risk premium that are related to the slope ofthe yield 
urve.Our empiri
al analysis deviates from re
ent resear
h that has fo
usedon unspanned sto
hasti
 volatility, or USV, in �xed in
ome markets.5 Interm stru
ture models that exhibit USV, interest rate options have both ane
onometri
 and an e
onomi
 role be
ause they 
annot be repli
ated usingthe underlying bonds or swaps. We do not 
onsider unspanned sto
hasti
volatility models in this paper be
ause our obje
tive is to fo
us ex
lusivelyon the e
onometri
 bene�ts of using options to estimate the risk premium inlong-term interest rates.Other papers have used options to estimate term stru
ture models, butdo not examine their impa
t on a model's ability to 
apture the dynami
s ofinterest rates and predi
t ex
ess returns. Umantsev (2002) estimates a�nemodels jointly using both swaps and swaptions and analyzes the volatilitystru
ture of these markets. Longsta� et al. (2001) and Han (2007) explorethe 
orrelation stru
ture in yields that is required to simultaneously pri
eboth 
aps and swaptions. Bikbov and Chernov (2010) use both Eurodollarfutures and short-dated option pri
es to estimate a�ne term stru
ture modelsand dis
riminate between various volatility spe
i�
ations.Our paper is also related to empiri
al papers that examine the joint timeseries of option pri
es and returns in equity or foreign ex
hange markets.Chernov and Ghysels (2000), Pan (2002), Jones (2003), and Eraker (2004)analyze S&P 100 or 500 index returns jointly with options on the index.Bakshi et al. (2008) and Graveline (2008) study foreign ex
hange optionsand the underlying 
urren
y returns. These papers use option pri
es to helpestimate risk premia in the underlying equity or 
urren
y returns and ourpaper has a similar obje
tive applied to �xed in
ome markets.65See Collin-Dufresne and Goldstein (2002a), Collin-Dufresne et al. (2009),Andersen and Benzoni (2008), Li and Zhao (2006), Thompson (2008),Bikbov and Chernov (2010), Joslin (2007), and Kim (2007).6See also Ja
kwerth (2000), Aït-Sahalia and Lo (2000), and Aït-Sahalia et al. (2001)for papers that 
ompare the risk-neutral distribution of returns implied from option pri
esto the obje
tive distribution of returns inferred from time-series data.4



The remainder of the paper is organized as follows. Se
tion 2 des
ribesthe data and estimation pro
edure we use. Se
tion 3 des
ribes the �t of themodels to swap rates, 
ap pri
es, and the 
onditional volatility of interestrates. Se
tion 4 
ompares how well the models we estimate predi
t ex
essreturns and Se
tion 5 examines the dependen
e of expe
ted ex
ess returnson the level, slope, and 
urvature of the yield 
urve. Se
tion 6 
on
ludes.2. Model and EstimationOur obje
tive in this paper is to examine how well di�erent arbitrage-freea�ne term stru
ture models predi
t ex
ess returns for long-term swaps. We
onsider dynami
 term stru
ture models in whi
h the short interest rate, r,is driven by a 3-dimensional latent fa
tor Xt that follows an a�ne7 di�usionpro
ess. Following the notation in Du�e (2001), the models 
an be expressedas
rt = ρ0 + ρ1 ·Xt , (1a)

dXt =
[
KP

0 +KP
1Xt

]
dt+ σ(Xt) dW

P
t , (1b)

dXt =
[
KQ

0 +KQ
1 Xt

]
dt+ σ(Xt) dW

Q
t , (1
)where W P

t (WQ
t ) is a 3-dimensional Brownian motion under the histori
al(risk-neutral) measure and σ(Xt)σ(Xt)

⊤ is a 3 × 3 matrix H0 +
∑

Hk
1X

k
twhose (i, j) entry is given by H0ij+

∑3
k=1H

k
1ijX

k
t . The short interest rate andrisk-neutral dynami
s allow us to pri
e a variety of �xed in
ome instruments.For example, a se
urity that pays g(XT ) at time T will have pri
e at time tgiven by

P g
t = EQ

t [e
−
´

T

t
rsdsg(XT )] . (2)Dai and Singleton (2000) dis
uss admissibility and identi�
ation issues forthe model spe
i�
ation in equation (1). First, admissibility refers to the fa
tthat, in order to ensure a well-de�ned pro
ess, parameter 
onstraints mustbe imposed so that the 
ovarian
e remains positive semi-de�nite. Se
ond,7Resear
hers have also extensively studied quadrati
 term stru
ture models (seeAhn et al., 2002, and Leippold and Wu, 2002). However, Cheng and S
aillet (2007) showthat a�ne and quadrati
 term stru
ture models are equivalent and therefore our 
hoi
e torestri
t the analysis to a�ne models is without loss of generality.5



due to the latent nature of the states, the parameters may not be e
onomet-ri
ally identi�ed, as two distin
t sets of parameters 
an give rise to obser-vationally equivalent models. Dai and Singleton (2000) partition N-fa
torsmodels into subsets, denoted AM(N), where M is the number of fa
tors thatdrive sto
hasti
 volatility. We estimate 3-fa
tor term stru
ture models with
M = 0, 1 or 2 fa
tors driving sto
hasti
 volatility. To ensure admissibility weimpose the following 
onstraints on the parameters in estimation:

KP
0,i ≥ 0, i ≤ M ; (3a)

KQ
0,i ≥ 0, i ≤ M ; (3b)

KP
1,ij ≥ 0, i, j ≤ M, i 6= j; (3
)

KQ
1,ij ≥ 0, i, j ≤ M, i 6= j; (3d)

KP
1,ij = 0, i ≤ M < j; (3e)

KQ
1,ij = 0, i ≤ M < j; (3f)
H0 is positive semi-de�nite; (3g)

H0,ii = 0, i ≤ M ; (3h)
Hk

1 is positive semi-de�nite with Hk
1 = 0 for k > M ; (3i)

Hk
1,ii = 0 when i ≤ Mand i 6= k. (3j)Under these 
onstraints, the �rst M fa
tors are CIR (Cox et al., 1985)pro
esses that drive both volatility (through H1) and interest rates (through

ρ1), while the remaining N −M fa
tors are 
onditionally Gaussian with thelo
al 
onditional volatility determined by the �rst M fa
tors. Conditions(3a�3f) ensure that the 
onditional mean of the CIR fa
tors stays positiveunder P and Q: positive 
onstant in the drift, positive feedba
k from one CIRfa
tor to another, and no feedba
k from the Gaussian fa
tors (whi
h 
an beeither positive or negative) to the CIR fa
tors. Conditions (3g�3j) ensurethat the 
onditional 
ovarian
e remains positive semi-de�nite: the matri
esthat determine volatility are positive semi-de�nite, and the volatility of a CIRfa
tor is zero when the level of the fa
tor is zero (whi
h requires both (3i)and (3j)). Noti
e that 
onditions (3g) and (3h) together imply that H0,ij = 0for i ≤ M and any j, sin
e if the varian
e of a random variable is zero thenso is its 
ovarian
e with any other random variable.We also impose the Feller 
ondition so that the fa
tors driving sto
hasti
6



volatility remain stri
tly positive under both P and Q:
KP

0,i ≥
1

2
H i

1ii , i ≤ M ; (4a)
KQ

0,i ≥
1

2
H i

1ii , i ≤ M. (4b)The Feller 
ondition allows the histori
al and risk-neutral measures, P and Q,to be equivalent measures even when KQ
1 and KP

1 di�er in the upper M ×Mblo
k. This allows for a fully �exible market pri
e of risk as in Cheridito et al.(2007) (see also Liptser et al., 2000).8We impose the following additional 
onstraints (as in Dai and Singleton,2000) to obtain e
onometri
 identi�
ation of the parameters:
ρ1,i ≥ 0, i > M ; (5a)

H0,ij = 1, i = j > M, 0 otherwise; (5b)
Hk

1,kk = 1, k ≤ M ; (5
)
Hk

1,ij = 0, k ≤ M, i 6= j; (5d)
KP

0,i = 0, i > M ; (5e)
KP

1,ij = 0, if M = 0 and j > i. (5f)Condition (5a) �xes the sign of the lo
ally Gaussian fa
tors. Conditions (5b�5d) s
ale the latent fa
tors and orthogonalize their innovations. Condition(5e) removes a level indetermina
y by translating the Gaussian variables sothat their mean under P is zero. Finally, 
ondition (5f) normalizes the Gaus-sian variables by using an orthogonal transformation of the variables (whi
hmaintains the orthogonal innovations) to generate a lower-triangular feed-ba
k for the Gaussian variables, as in the S
hur de
omposition of a matrix.Du�e and Kan (1996) show that zero-
oupon bond pri
es are exponentiala�ne in the fa
tors. Spe
i�
ally, the pri
e at time t of a zero-
oupon bondthat pays $1 at time T is given by
P T
t = E

Q
t

[

e−
´

T

t
rs ds

]

= eA(T−t)+B(T−t)·Xt , (6)8For all the spe
i�
ations that we estimate, these inequality 
onstraints do not in fa
tbind. 7



where B (·) and A (·) solve the Ri

ati ODEs
d

dτ
B (τ) = −ρ1 +

(
KQ

1

)⊤
B (τ) +

1

2
B (τ)⊤H1B (τ) , B (0) = 0 , (7a)

d

dτ
A (τ) = −ρ0 +

(
KQ

0

)⊤
B (τ) +

1

2
B (τ)⊤H0B (τ) , A (0) = 0 , (7b)and B (τ)⊤H1B (τ) is a ve
tor whose kth entry is given by B (τ)⊤ Hk

1B (τ).Previous papers that investigate the risk premium in long-term interestrates use only the time series of bonds or swaps with di�erent maturities forestimation. Instead, we also use the time series of interest rate 
ap pri
eswith di�erent maturities. An interest rate 
ap is a portfolio of options onthe 3-month Libor rate that e�e
tively 
aps the interest rate paid on the�oating side of a swap.9 We in
lude 
ap pri
es in estimation be
ause theymay 
ontain additional e
onometri
 information about the risk premium inlong-term interest rates. Sin
e 
aps are interest rate options, their pri
esare sensitive to the volatility of the risk fa
tors. Cap pri
es also depend oninterest rate risk premia, whi
h are embedded in the risk-neutral distributionof the fa
tors.The pri
e of an N-period 
ap with strike rate C on 3-month �oatinginterest payments is
CN

t

(
C
)
=

N∑

n=2

E
Q
t

[

e−
´

t+.25n

t
rsds 0.25

(
Lt+0.25(n−1) − C

)+

︸ ︷︷ ︸
aplet payo� ]

, (8)where Lt+0.25(n−1) is the 3-month Libor interest rate so that
1 + 0.25Lt+0.25(n−1) = 1/P t+0.25n

t+0.25(n−1) . (9)Du�e et al. (2000) show that 
ap pri
es in a�ne term stru
ture models 
anbe 
omputed as a sum of inverted Fourier transforms. However, when thesolutions A and B to the Ri

ati ODEs in equation (7) are not known in
losed form, dire
t Fourier inversion 
an be too 
omputationally expensive9Other papers, su
h Umantsev (2002), have used swaptions, whi
h are options on swaps.We 
hoose to use interest rate 
aps be
ause it is easier to 
ompute their pri
es withoutresorting to approximations. 8



for use in estimation. Instead, we use a more e�
ient adaptive quadraturemethod that is based on Joslin (2007).Our data, obtained from Datastream, 
onsists of weekly Libor rates, swaprates, and at-the-money 
ap implied volatilities from January 1995 to Febru-ary 2006. We use 3- and 6-month Libor and the entire term stru
ture ofswap rates to bootstrap zero-
oupon swap rates at 1-, 2-, 3-, 4-, 5-, 7-, and10-years.10 We also use at-the-money 
aps with maturities of 1-, 2-, 3-, 4-,5-, 7-, and 10-years.We use quasi-maximum likelihood to estimate model parameters forA0(3),
A1(3), and A2(3) models. Following Chen and S
ott (1993), we estimate allof the models under the assumption that 3-month Libor and the 2- and 10-year zero-
oupon swap rates are pri
ed exa
tly, while the remaining rates arepri
ed with error.11 In addition, we estimate another set of parameters forthe A1(3) and A2(3) models under the assumption that at-the-money 
apswith maturities of 1-, 2-, 3-, 4-, 5-, 7-, and 10-years are also pri
ed with error.We refer to these versions of the models that we estimate with option pri
esas the A1(3)

o and A2(3)
o models.Given the dynami
s in equation (1b), the 
onditional mean, X t,∆t =

Et [Xt+∆t], satis�es the di�erential equation,
∂X t,u/∂u = KP

0 +KP
1Xt,u , (10a)with the initial 
ondition X t,0 = Et [Xt] = Xt. Similarly, the 
onditional
ovarian
e, Vt,∆t = Et

[(
Xt+∆t −X t,∆t

) (
Xt+∆t −X t,∆t

)⊤
], satis�es the dif-ferential equation,

∂Vt,u/∂u = KP
1Vt,u + Vt,uK

P⊤

1 +H0 +H1 ·X t,u , (10b)with initial 
ondition Vt,0 = 0. This 
oupled system of linear 
onstant 
oe�-
ient ordinary di�erential equations 
an be solved in 
losed form.10Our bootstrap pro
edure uses the 
ommon assumption that forward swap zero ratesare 
onstant between observations.11By assuming that a subset of se
urities is pri
ed 
orre
tly by the model, we 
an usethese pri
es to invert for the values of the latent states. Du�ee (2002), Dai and Singleton(2002), and Cheridito et al. (2007) also use this approa
h to invert for the latent states.See Chen and S
ott (1993) for more details. We 
hoose the 3-month rate as it is thereferen
e rate for the underlying 
aps. Moreover, 2-year and 10-year swaps are among themost liquid maturities and 
apture both the moderate and long end of the term stru
ture.9



For quasi-maximum likelihood we assume that, ignoring 
onstants, thelog likelihood of the state ve
tor is
LX = −

1

2

∑{

ln |Vt,∆t|+
(
Xt+∆t −X t,∆t

)⊤
V −1
t,∆t

(
Xt+∆t −Xt,∆t

)}

. (11)Let Yt denote the ve
tor of observed 3-month, 2-year, and 10-year zero-
oupon swap rates that we use to invert for the latent states Xt.12 Fromequation (6) we 
an 
ompute A ∈ R3 and B ∈ R3×3 (given the parameters)and write
Yt = A+ BXt ⇒ Xt = B−1 [Yt −A] . (12)Using our quasi-maximum likelihood assumption, the log-likelihood of Yt is

LY = LX −
∑

ln |B| . (13)Using equation (6) and the states we have re
overed from equation (12),we 
an 
ompute the model-implied zero-
oupon yield for any maturity. Let
ε̃k denote the T -dimensional full time series of the pri
ing errors (as measuredby the di�eren
e between the observed yield and the model-implied yield) forthe kth-maturity interest rate that is pri
ed with error (6-month Libor and1-, 3-, 4-, 5-, and 7-year zero-
oupon swap rates). We assume that these zero-
oupon swap rate pri
ing errors are independent with mean zero Gaussiandistribution so that the log-likelihood, ignoring 
onstants, is

LỸ = −
1

2

6∑

k=1

{

T · ln σ̃2
k +

ε̃⊤k ε̃k
σ̃2
k

}

. (14)Here, we treat the σ̃k as unknown parameters of the model.Similarly, using equation (8), let η̃k denote the T -dimensional full timeseries of pri
ing errors for the kth-maturity interest rate 
ap (we pri
e 
apswith maturities 1-, 2-, 3-, 4-, 5-, 7-, and 10-years). Again, we assume thatthese 
ap pri
ing errors are independent with mean zero Gaussian distribu-tion so that the log-likelihood, ignoring 
onstants, is
LC̃ = −

1

2

7∑

k=1

{

T · ln υ̃2
k +

η̃⊤k η̃k
υ̃2
k

}

. (15)12Our exposition of the estimation pro
edure draws from Fisher and Gilles (1996).10



We treat the υ̃k as unknown parameters of the model.Finally, we 
hoose the parameters to maximize the log-likelihood of theyields that are pri
ed exa
tly, the yields that are pri
ed with errors, and the
aps that are pri
ed with error,
L = LY + LỸ + LC̃ . (16)Our estimates of the parameters are provided in Tables 1 and 2. Stan-dard errors are 
omputed by the BHHH method using the outer produ
t ofthe gradient (see Davidson and Ma
Kinnon, 1993). It is di�
ult to dire
tlyassign meaning to many of the parameters sin
e they govern the dynami
sof a latent pro
ess. That is to say, we are more interested in fun
tions ofthe parameters that pertain to quantities of e
onomi
 interest. To this end,we now pro
eed in Se
tion 3 to 
ompare and 
ontrast the impli
ations ofthe estimated models for the 
ross-se
tional properties of the yield 
urve andinterest rate option pri
es. We also examine the impli
ations for the 
ondi-tional volatility of yields. In Se
tions 4 and 5, our main fo
us turns to thepredi
tability of bond returns a
ross the estimated models.3. Fit to Pri
es and Conditional VolatilityIn this se
tion we examine how well the term stru
ture models mat
hzero-
oupon swap rates, 
ap pri
es, and the 
onditional volatility of interestrates.Table 3 provides the root mean squared pri
ing errors (in basis points)for zero-
oupon swap rates with di�erent maturities. The root mean squarederrors are 0 for the 3-month, 2-, and 10-year zero-
oupon swap rates be
ausethe latent state variables are 
hosen so that the models 
orre
tly pri
e theserates. The root mean squared pri
ing errors for other maturities range fromabout 4 basis points to about 10 basis points, with slightly larger errorsfor the short maturities and a better �t for longer maturities.13 There isvery little di�eren
e in the 
ross-se
tional �t between the A0(3), A1(3), and13The 
ross-se
tional pri
ing errors for all of the models that we estimate are 
omparablewith the pri
ing errors reported in re
ent papers su
h as Dai and Singleton (2000), Du�ee(2002), and Cheridito et al. (2007). 11



Parameter Model

A0(3) A1(3)
o A1(3) A2(3)

o A2(3)

KP
0,1 0 3.61 (1.5 ) 2.26 (1.7 ) 0.571 (2.4 ) 0.799 (3.6 )

KP
0,2 0 0 0 1.32 (4.2 ) 0.944 (2.3 )

KP
0,3 0 0 0 0 0

KQ
0,1 1.39 (25 ) 1.10 (0.14 ) 1.30 (0.31 ) 1.92 (1.2 ) 1.38 (0.15 )

KQ
0,2 0.402 ( 9.4 ) 0.825 (0.44 ) 4.26 (1.2 ) 0.899 (0.86 ) 0.721 (0.52 )

KQ
0,3 −0.227 ( 2.2 ) −0.254 (5.8 ) 2.54 (1.0 ) −0.300 (0.63 ) 0.315 (1.2 )

KP
1,11 −0.0277 ( 0.28 ) −1.53 (0.62 ) −5.09e-5 (0.49 ) −0.757 (0.44 ) −0.991 (1.2 )

KP
1,12 0 0 0 1.03 (0.57 ) 0.495 (2.1 )

KP
1,13 0 0 0 0 0

KP
1,21 0.664 ( 0.41 ) 0.447 (0.59 ) −0.682 (0.74 ) 0.493 (0.85 ) 0.585 (0.89 )

KP
1,22 −0.340 ( 0.56 ) −0.592 (0.67 ) −1.05 (0.37 ) −1.03 (1.1 ) −1.45 (1.0 )

KP
1,23 0 6.78e-3 (0.53 ) −1.76 (1.0 ) 0 0

KP
1,31 −0.947 ( 0.49 ) −0.886 (1.1 ) −0.486 (0.42 ) −0.245 (0.092) −0.699 (0.9 )

KP
1,32 −0.498 ( 0.46 ) −0.576 (0.75 ) −0.625 (0.22 ) 0.319 (0.086) −1.17 (1.5 )

KP
1,33 −1.18 ( 0.87 ) −0.556 (0.65 ) −1.41 (0.51 ) −0.131 (0.10 ) −0.0376 (0.066)

KQ
1,11 −1.15 ( 0.060) −0.538 (0.016) −0.531 (0.013) −1.61 (0.18 ) −0.573 (0.055)

KQ
1,12 1.78 ( 0.077) 0 0 1.18 (0.17 ) 0.000 (0.067)

KQ
1,13 1.60 ( 0.18 ) 0 0 0 0

KQ
1,21 0.128 ( 0.020) −0.569 (0.038) −2.21 (0.46 ) 1.02 (0.15 ) 1.43 (0.17 )

KQ
1,22 −0.405 ( 0.010) −0.337 (0.050) −1.00 (0.075) −1.42 (0.092) −2.38 (0.093)

KQ
1,23 −0.414 ( 0.023) −0.123 (0.022) −1.92 (0.27 ) 0 0

KQ
1,31 −0.135 ( 0.020) −0.760 (0.14 ) −0.926 (0.12 ) −0.309 (0.035) 0.579 (0.11 )

KQ
1,32 −0.136 ( 0.042) −2.39 (0.14 ) −0.647 (0.093) 0.571 (0.054) −2.12 (0.28 )

KQ
1,33 −0.289 ( 0.051) −1.49 (0.12 ) −1.34 (0.10 ) −0.133 (5.6e-3) −0.0487 (1.7e-3)Table 1: Parameter Estimates: KP

0 , KQ
0 , KP

1 , and KQ
1This table presents the parameter estimates of KP

0 , KQ
0 , KP

1 , and KQ
1 from equation (1) with standard errors in parentheses.The A0(3), A1(3), and A2(3) models were estimated by inverting 3-month, 2-year, and 10-year swap zeros and measuring6-month Libor, and 1-, 3-, 4-, 5-, and 7-year swap zeros with error. The A1(3)

o and A2(3)
o models were estimated with theadditional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money 
aps were pri
ed with error.
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Parameter Model

A0(3) A1(3)
o A1(3) A2(3)

o A2(3)

H1
1,11 0 1 1 1 1

H1
1,22 0 0.385 (0.042) 3.36 (1.7 ) 0 0

H1
1,33 0 2.58e-8 (0.046) 0.000 (0.049) 1.12e-3 (1.2e-3) 0.511 (0.40)

H2
1,22 0 0 0 1 1

H2
1,33 0 0 0 1.00e-5 (1.6e-3) 0.438 (0.36)

ρ0 −0.193 (2.6 ) 0.0726 (0.035) 1.04e-3 (0.14 ) 0.0117 (0.080) 0.289 (0.14)
ρ1,1 × 100 1.28 (0.026) 0.0225 (0.035) 0.0131 (0.039) 0.184 (0.033) 1.01 (0.25)
ρ1,2 × 100 0.845 (0.072) 0.140 (0.037) 0.0772 (0.022) −0.385 (0.043) 1.43 (0.23)
ρ1,3 × 100 0.000 (0.15 ) 0.865 (0.053) 1.05 (0.10 ) 2.33 (0.35 ) 0.596 (0.12)Table 2: Parameter Estimates: H1, ρ0, and ρ1This table presents the parameter estimates of H1, ρ0, and ρ1 from equation (1) with standard errors in parentheses. The

A0(3), A1(3), and A2(3) models were estimated by inverting 3-month, 2-year, and 10-year swap zeros and pri
ing 6-monthLibor, and 1-, 3-, 4-, 5-, and 7-year swap zeros with error. The A1(3)
o and A2(3)

o models were estimated with the additionalassumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money 
aps were pri
ed with error.
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A0(3) A1(3) A1(3)
o A2(3) A2(3)

o6 Month 7.1 7.1 6.8 7.1 6.81 Year 9.9 9.9 9.3 10.0 9.33 Year 4.1 4.1 4.5 4.1 4.54 Year 5.3 5.2 6.3 5.2 6.25 Year 5.2 5.2 6.7 5.2 6.67 Year 3.8 3.8 5.5 3.8 5.3Table 3: Pri
ing Errors in BPS for Swap Implied ZerosThis table shows the root mean squared pri
ing errors in basis points for yields on swapimplied zeros. The A0(3), A1(3), and A2(3) models were estimated by inverting 3-month,2-year, and 10-year swap zeros and pri
ing 6-month Libor and 1-, 3-, 4-, 5-, and 7-yearswap zeros with error. The A1(3)
o and A2(3)

o models were estimated with the additionalassumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money 
aps were pri
ed with error.
A2(3) models that we estimate without using options. Similarly, there islittle di�eren
e between the A1(3)

o and A2(3)
o models that we estimate withoptions. The use of options to estimate the A1(3)

o and A2(3)
o models hasonly a small e�e
t on the models' �ts to the 
ross-se
tion of zero-
oupon swaprates with di�erent maturities. In
luding options improves the �t (relative tomodels that we estimate without using options) by less than a basis point atthe short end of the yield 
urve (up to 1 year) and worsens the �t by slightlymore than a basis point at the long end of the yield 
urve (beyond 1 year).Table 4 displays the root mean squared pri
ing errors (as a per
entageof the 
urrent market pri
e) for at-the-money 
aps with various maturities.For all of the models, the per
entage pri
ing errors are worst for 1-year 
apsand de
line as the maturity of the 
ap in
reases. The poor �t for shortmaturity 
aps, as well as the weaker �t for short maturity yields, may bedue to the �ndings in Dai and Singleton (2002) and Piazzesi (2005) whi
hsuggest that a fourth fa
tor is required to 
apture the short end of the yield
urve. Additionally, as Piazzesi (2005) do
uments, jumps play an importantrole for short maturities and therefore adding jumps may improve the modelalong this dimension. We 
hoose to implement more parsimonious 3-fa
tormodels be
ause we are primarily interested in predi
ting 
hanges in long-term interest rates. Amongst the models that we estimate without in
ludingoptions, the A2(3) model provides the best �t to the 
ross-se
tion of at-the-14



A0(3) A1(3) A1(3)
o A2(3) A2(3)

o1 Year 33.6 32.4 36.4 33.3 35.52 Year 19.9 19.0 14.6 16.9 14.43 Year 18.9 18.0 10.9 15.7 10.94 Year 17.3 17.3 9.6 14.2 9.65 Year 16.3 17.0 9.2 13.3 9.07 Year 14.3 16.1 8.6 11.7 8.310 Year 13.4 15.8 9.2 11.0 8.9Table 4: Relative Pri
ing Errors in % for At-the-Money CapsThis table shows the root mean squared relative pri
ing errors in % for at-the-money 
aps.The A0(3), A1(3), and A2(3) models were estimated by inverting 3-month, 2-year, and10-year swap zeros and pri
ing 1-, 3-, 4-, 5-, and 7-year zeros with error. The A1(3)
o and

A2(3)
o models were estimated with the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-,and 10-year at-the-money 
aps were pri
ed with error.money 
ap pri
es. The A1(3)

o and A2(3)
o models have slightly larger relativepri
ing errors for 1-year 
aps than their A1(3) and A2(3) 
ounterparts that weestimate without options. However, the relative pri
ing errors for 
aps withlonger maturities are 
onsiderably lower when we in
lude 
aps in estimation.For example, the root mean squared relative pri
ing error for at-the-money 5-year 
aps is 17% in the A1(3) model and 9.2% in the A1(3)

o model. Similarly,the root mean squared relative pri
ing error for at-the-money 5-year 
aps is13.3% in the A2(3) model and 9.0% in the A2(3)
o model. The relative pri
ingerrors for the A2(3)

o model are slightly better than those for the A1(3)
o.The pri
ing errors for 
aps from the A1(3)

o and A2(3)
o models that weestimate with options 
ompare favorably with the pri
ing errors that havebeen reported in previous literature.14 Driessen et al. (2003) estimate a 3-fa
tor Gaussian HJM model with 
ap data and report absolute pri
ing errors14Previous papers have also used interest rate option pri
es other than 
aps to estimatedynami
 term stru
ture models. Umantsev (2002) �nds that pri
ing errors for swaptionsare signi�
antly redu
ed when he uses swaption pri
es to estimate a�ne term stru
turemodels. Bikbov and Chernov (2010) use Eurodollar options to estimate term stru
turemodels with 
onstant, sto
hasti
, and unspanned sto
hasti
 volatility. They �nd thatonly sto
hasti
 volatility models (su
h as our A1(3)

o and A2(3)
o models) 
an re
on
ileboth option pri
es and the term stru
ture of interest rates.15



(averaged a
ross maturities) of 22.2% of 
ap market pri
es. Li and Zhao(2006) estimate a 3-fa
tor quadrati
 term stru
ture model and �nd that theroot mean squared per
entage pri
ing error for 5-year at-the-money 
aps is10.4%. Jagannathan et al. (2003) estimate a 3-fa
tor CIR model and �ndthat the mean absolute pri
ing errors are 36.62 basis points for 5-year 
aps
ompared to a mean market pri
e of 284.84 basis points (the results are simi-lar for 
aps with other maturities). Longsta� et al. (2001) estimate a 4-fa
torstring market model using swaptions and �nd that it overpri
es 
aps. Theyreport that the mean per
entage valuation error for 5-year 
aps is 5.665%and ranges from a minimum of -2.385% to a maximum of 38.071%. All ofthese papers report larger pri
ing errors for shorter-dated 
aps. Althoughnot reported here, the A1(3)
o and A2(3)

o models that we estimate with 
apsalso provide an ex
ellent �t to the pri
es of at-the-money swaptions.The pri
ing performan
e of the models estimated with and without op-tions provides a key insight for our main obje
tive of analyzing the pre-di
tability of ex
ess returns. All of the models have very similar pri
ingerrors for the 
ross-se
tion of yields, whi
h suggests that the obje
tive fun
-tion may be very �at along this dimension. Put another way, a variety ofrisk-neutral models 
an give very similar impli
ations for bond pri
es andswap rates. However, when we 
onsider 
ap pri
es there is a stark di�eren
ebetween models that had similar pri
ing errors for yields. The use of optionpri
es in estimation provides both lower option pri
ing errors and more e�-
ient estimates of the risk-neutral Q parameters. In Se
tion 4, we show thatthis in
reased e�
ien
y is also bene�
ial for predi
ting bond returns.Unlike pri
es, 
onditional volatility is not dire
tly observed and thereforeit must be estimated.15 For estimates of 
onditional volatility based on his-tori
al data we use an exponential weighted moving average (EWMA) witha 26-week half-life, and also estimate an EGARCH(1,1) for ea
h zero-
ouponswap rate maturity.Figure 1 plots the 
onditional volatility of 10-year zero-
oupon swap ratesfrom the term stru
ture models against our estimates of 
onditional volatil-ity that use histori
al data. Table 5 provides the 
orrelation between the15Implied volatilities from 
ap pri
es are forward looking and dire
tly observable. How-ever, in the 
ase of models with sto
hasti
 volatility, the market pri
es of risk may 
ausethe implied volatilities from 
ap pri
es to di�er from the a
tual 
onditional volatility.16



A0(3) A1(3) A1(3)
o A2(3) A2(3)

o6 Month 0 19.2 28.9 39.1 30.11 Year 0 50.8 56.3 58.3 52.92 Year 0 75.0 77.0 63.2 66.93 Year 0 83.0 81.5 39.0 70.64 Year 0 84.4 81.4 15.4 71.95 Year 0 84.1 79.3 -2.6 69.37 Year 0 84.3 77.4 -21.2 66.410 Year 0 82.0 75.0 -26.7 61.6Table 5: Correlation between model and EGARCH volatilityThis table shows the 
orrelation between model-implied one-week volatilities andEGARCH(1,1) volatility estimates. The A0(3), A1(3), and A2(3) models were estimatedby inverting 3-month, 2-year, and 10-year swap zeros and pri
ing 6-month Libor and 1-,3-, 4-, 5-, and 7-year swap zeros with error. The A1(3)
o and A2(3)

o models were estimatedwith the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money 
apswere pri
ed with error.
onditional volatility in the pri
ing model and the EGARCH(1,1) estimatesof 
onditional volatility.The 
onditional volatility of all swap rates is 
onstant in the A0(3) modeland therefore these models 
annot 
apture any time-series variation. Overour sample period, the average level of 
onditional volatility in the A0(3)model for zero-
oupon swap rates with di�erent maturities is slightly belowour estimates based on histori
al data.In the sto
hasti
 volatility models, for maturities beyond 1 year, the 
on-ditional volatility of zero-
oupon swap rates in the A1(3), A1(3)
o, and A2(3)

omodels are all highly 
orrelated with the EGARCH estimates of 
onditionalvolatility. The 
orrelations are highest in the A1(3)model, followed 
losely bythe A1(3)
o model, and then by the A2(3)

o model. The 
onditional volatilityin the A2(3) model is positively 
orrelated with the estimates of 
onditionalvolatility for maturities up to 4 years, but negatively 
orrelated for maturitiesbeyond 4 years. This result o

urs be
ause there are two sto
hasti
 volatil-ity fa
tors that jointly drive the level and volatility of yields in the A2(3)model. One fa
tor is 
losely 
orrelated with the volatility of short maturityyields. However, without the additional dis
ipline in estimation that is pro-17
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Figure 1: Realized Volatility of 10-Year Zero-Coupon Swap RateThese �gures plot weekly model 
onditional volatility of the 10-year zero 
oupon swaprate against estimates of 
onditional volatility based on histori
al data: an exponentialweighted moving average (EWMA) with a 26-week half-life and an EGARCH(1,1). Thetop plot shows the 
onditional volatility in the A1(3) and A1(3)
o models. The bottomplot shows the 
onditional volatility in the A0(3), A2(3), and A2(3)

o models. The A0(3),
A1(3), and A2(3) models were estimated by inverting 3-month, 2-year, and 10-year swapzeros and pri
ing 6-month Libor and 1-, 3-, 4-, 5-, and 7-year swap zeros with error. The
A1(3)

o and A2(3)
o models were estimated with the additional assumption that 1-, 2-, 3-,4-, 5-, 7-, and 10-year at-the-money 
aps were pri
ed with error.18



vided by options, the se
ond fa
tor is impre
isely estimated and is negatively
orrelated with the volatility of long maturity yields. The A1(3) and A2(3)models mat
h the average level of 
onditional volatility for the EGARCH andEWMA estimates. For the 6-month zero-
oupon rate, the volatility mat
his worse, though still positively related. It is very similar between the A1(3)and A1(3)
o models, and between the A2(3) and A2(3)

o models.In summary, none of the models mat
h the 
onditional volatility of short-term interest rates, but the A1(3), A1(3)
o, and A2(3)

o models 
apture the
onditional volatility of long-term interest rates. The failure to mat
h the
onditional volatility of short term interest rates o

urs mainly during periodsof high volatility (as estimated by the EGARCH spe
i�
ation). Again, one
ould use a fourth latent fa
tor with jumps to better 
apture these dynami
s.4. Predi
tability of Ex
ess ReturnsIn this se
tion we examine how well the risk premiums that we estimateare able to predi
t ex
ess returns for long-term swaps. The ex
ess return ona τ -maturity bond that is pur
hased at time t and sold at time t + ∆t isde�ned as
re,τt,∆t := ln (P t+τ

t+∆t/P
t+τ
t

)
/∆t

︸ ︷︷ ︸bond return − ln (1/P t+∆t
t

)
/∆t

︸ ︷︷ ︸risk-free return . (17)In an a�ne term stru
ture model this risk premium, or expe
ted ex
essreturn, is given by
Et

[
re,τt,∆t

]
=

1

∆t

{
A (τ −∆t) +B (τ −∆t) · Et [Xt+∆t]
− [A (τ) +B (τ) ·Xt] + A (∆t) +B (∆t) ·Xt

}

, (18)where A and B satisfy the Ri

ati ODEs in equation (7). To measure howwell our estimated risk premiums predi
t ex
ess returns, we 
ompute thefollowing modi�ed R2 statisti
,
R2 = 1−

mean [(re,τt,∆t − Et

[
re,τt,∆t

])2
]var [re,τt,∆t

] . (19)The mean (sample average) and varian
e in equation (19) are 
omputed us-ing the returns beginning in ea
h of the 483 weeks in our sample (there is19



overlap in returns with a horizon longer than a week). To emphasize, we
ompute our modi�ed R2 statisti
 by dire
tly 
omparing realized ex
ess re-turns to the model-implied expe
ted returns 
omputed from equation (18).Our modi�ed statisti
 di�ers from the R2 
omputed from a standard regres-sion that uses linear proje
tion and ignores the 
ross-se
tional 
onsisten
y ofthe no arbitrage model.Table 6 presents the R2 statisti
s with bootstrapped t-statisti
s for 3-month ex
ess returns for the period from January 1995 to February 2006 thatwas used to estimate the model.16 We utilize the following semi-nonparametri
pro
edure to bootstrap standard errors. For ea
h bootstrap simulation, we
hoose a random week in the sample to initialize the state variable. We thenuse the estimated model parameters to simulate a 483-week sample of thestate ve
tor. Due to the la
k of an e
onomi
 model for the measurement er-rors, we 
omplete the bootstrap pro
edure by using the blo
k bootstrap withblo
ks of length 12 to generate pri
ing errors (for an overview, see Cherni
k,2001). The reported bootstrapped t-statisti
s 
orrespond to the reported R2sdivided by the standard deviation of the bootstrapped R2s.For 
omparison, in Table 6 we also provide this R2 statisti
 for threeversions of the regressions of ex
ess returns on forward rates as performedin Co
hrane and Piazzesi (2005). For ea
h τ -year zero-
oupon swap rate(τ = 2, 3, 4, 5), Co
hrane and Piazzesi (2005) regress
re,nt,∆t = βn

0 + βn
1 Y

1
t + βn

2 F
2
t + βn

3 F
3
t + βn

4 F
4
t + βn

5 F
5
t + εnt , (20)where F n

t := nY
(n)
t − (n− 1)Y

(n−1)
t is the 1-year forward rate at time tbetween t+n−1 and t+n. In Table 6, we denote the regression results fromequation (20) by CP5. CP10 denotes the 
orresponding regression resultsusing one year forward rates up to 10 years.Amongst the three models that we estimate without options, the A0(3)model is best at predi
ting 3-month ex
ess returns for zero-
oupon swaps,16For ease of exposition, we fo
us on 3-month holding period returns a
ross maturities.Roughly speaking, for shorter (longer) holding periods the R2s are all lower (higher)than for the 3-month holding period, with similar patterns a
ross maturities. This resultis 
onsistent with a higher signal-to-noise ratio for shorter holding periods and is also
onsistent with the empiri
al results in Co
hrane and Piazzesi (2005) and Diebold and Li(2006), among others. See also Boudoukh et al. (2008).20



A0(3) A1(3) A1(3)
o A2(3) A2(3)

o CP5 CP102 Yr 0.7 0.9 3.5 -0.2 3.4 19.8 22.8
(9.4) (9.6) (9.2) (9.4) (9.2)3 Yr 6.5 4.0 8.6 2.7 9.7 20.1 22.2
(9.1) (9.6) (8.8) (9.4) (8.5)4 Yr 10.2 5.9 11.7 4.0 13.0 20.1 21.6
(8.9) (9.6) (8.5) (9.5) (8.3)5 Yr 12.5 7.0 13.5 4.6 14.6 19.7 21.2
(8.7) (9.4) (8.6) (9.6) (8.2)6 Yr 13.8 7.5 14.4 4.9 15.5 19.0 20.3
(8.6) (9.3) (8.4) (9.4) (8.1)7 Yr 14.9 7.9 15.1 5.2 16.0 18.5
(8.6) (9.2) (8.2) (9.5) (8.1)8 Yr 15.4 8.0 15.4 5.2 16.2 17.9
(8.4) (9.2) (8.4) (9.5) (8.1)9 Yr 15.9 8.0 15.6 5.3 16.3 17.5
(8.4) (9.0) (8.4) (9.6) (8.0)10 Yr 16.1 8.0 15.5 5.3 16.2 17.1
(8.3) (9.1) (8.3) (9.3) (8.0)Table 6: Predi
tability of Ex
ess Returns (R2s)This table presents R2s obtained from overlapping weekly proje
tions of 3-month realizedzero-
oupon swap rate returns, for di�erent maturities, on model implied returns. Regres-sions are based on overlapping data. The A0(3), A1(3), and A2(3) models were estimatedby inverting 3-month, 2-year, and 10-year swap zeros and pri
ing 6-month Libor and 1-,3-, 4-, 5-, and 7-year swap zeros with error. The A1(3)

o and A2(3)
o models were estimatedwith the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money 
apswere pri
ed with error.

21



A1(3)
o − A1(3) A2(3)

o − A2(3)2 Yr 2.6 3.6[-11.9, 7.4℄ [-1.7, 9.1℄3 Yr 4.6 7.0[0.1, 9.4℄ [1.6, 12.8℄4 Yr 5.8 9.0[1.4, 10.7℄ [3.8, 14.8℄5 Yr 6.5 10.0[-0.5, 11.8℄ [5.0, 15.8℄6 Yr 6.9 10.6[2.5, 11.7℄ [5.4, 16.4℄7 Yr 7.2 10.8[2.7, 12.3℄ [5.8, 16.7℄8 Yr 7.4 11.0[3.0, 12.4℄ [5.9, 16.8℄9 Yr 7.6 11.0[3.2, 12.3℄ [6.2, 16.6℄10 Yr 7.5 10.9[3.2, 12.2℄ [6.3, 16.4℄Table 7: Di�eren
e in R2'sThis table presents the di�eren
e in R2's for 3-month realized zero-
oupon swap rate re-turns using the model-implied expe
ted returns. The table presents the di�eren
es betweenthe A1(3)
o and A1(3) models, and between the A2(3)

o and A2(3) models. Bootstrapped95% 
on�den
e intervals are presented below in parentheses and are 
omputed using thebootstrap pro
edure des
ribed above. We estimated the A1(3) and A2(3) models by in-verting 3-month, 2-year, and 10-year swap zeros and pri
ing 6-month LIBOR and 1-, 3-,4-, 5-, and 7-year zeros with error. We estimated the A1(3)
o and A2(3)

o models with theadditional assumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money 
aps were pri
edwith error.
22



followed by the A1(3) model and then by the A2(3) model. When we in-
lude options in estimation the results are reversed. The A2(3)
o model pro-vides the best predi
tion results, followed by the A1(3)

o model and thenthe A0(3) model (the A0(3) model has slightly higher R2s for the 9- and10-year maturities). Moreover, when we in
lude options in estimation, the
R2s are mu
h 
loser in magnitude to those obtained from the regressionsin Co
hrane and Piazzesi (2005). The regressions in Co
hrane and Piazzesi(2005) are designed to mat
h only ex
ess returns and so they serve as anupper bound for the level of predi
tability. Noti
e that the worst predi
tiveperforman
e is for short maturities, whi
h is the same as the pri
ing resultsin Tables 3 and 4. In the A2(3) model, the R2 is even negative for the 3-month ex
ess return on the 2-year zero-
oupon swap, whi
h indi
ates thatthe model's predi
tions are worse than the sample average of returns. Weattribute this poorer performan
e for short-maturity zero-
oupon swaps tothe same reasons we dis
ussed in Se
tion 3 on the �t to pri
es.Figure 2 plots the 3-month expe
ted ex
ess return on a 5-year zero-
ouponbond for ea
h of the models that we estimate. Consistent with the results inTables 6 and 7, the expe
ted ex
ess returns for the A1(3)

o and A2(3)
o modelsthat we estimate using options are very similar to those for the 
onstantvolatility A0(3) model (whi
h was the preferred model in Du�ee, 2002 andCheridito et al., 2007). The expe
ted ex
ess returns for the A1(3) and A2(3)models are very similar to ea
h other, but di�erent from their 
ounterpartsthat we estimate using options.To summarize, the risk premiums that we estimate using interest rate
ap pri
es are better able to predi
t ex
ess returns for long term swaps. Thequestion remains, what elements of the risk premium do options help toidentify? To address this question, Table 8 highlights the properties of therisk-neutral distribution whi
h di�er when we use options to estimate themodels.The risk-neutral long-run means (θQ3m, θQ2y, and θQ10y) of the 3-month, 2-year, and 10-year zero-
oupon yields range between 10.4% and 13% for themodels that are estimated without options, but hover around 8% for the

A1 (3)
o and A2 (3)

o models that are estimated with options. For 
omparison,the maximum values of the 3-month, 2-year, and 10-year zero-
oupon swaprates over our sample period are 6.8%, 8%, and 8.2%, respe
tively, and themean values are 4.2%, 4.8%, and 5.9%. In ea
h model, the third eigenve
tor23
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ted Ex
ess Return � 5-Year Zero CouponThis �gure plots the quarterly expe
ted ex
ess return on a 5-year zero-
oupon bond (an-nualized) for ea
h of the models that we estimate. The top plot shows the expe
ted ex
essreturn for the A1(3) and A2(3) models that we estimated without using options. The bot-tom plot shows the expe
ted ex
ess return for the A0(3) model that we estimated withoutusing options, and the A1(3)

o and A2(3)
o models that we estimated using options.
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Parameter Estimate
A0(3) A1(3) A1(3)

o A2(3) A2(3)
o

θQ3m 11.10 10.50 8.02 13.00 8.14
θQ2y 11.10 10.50 8.02 13.00 8.14
θQ10y 11.00 10.40 7.86 12.70 7.98half-lifeQ1 0.53 0.49 0.44 0.49 0.48half-lifeQ2 1.02 1.12 1.22 1.06 1.16half-lifeQ3 23.30 22.40 8.09 31.40 8.46eigenve
tor3,3m 0.61 0.61 0.66 0.61 0.65eigenve
tor3,2y 0.59 0.59 0.61 0.59 0.61eigenve
tor3,10y 0.53 0.53 0.45 0.53 0.45Table 8: Mean Reversion and Long-Run MeansThis table reports the risk-neutral long-run means (θ Q3m, θ Q2y, and θ Q10y) of the 3-month,2-year, and 10-year zero-
oupon yields. It also reports the half-life of the eigenve
torsof the mean reversion matrix under Q, as well as the elements of the third eigenve
tor.The A0(3), A1(3), and A2(3) models were estimated by inverting 3-month, 2-year, and10-year swap zeros and pri
ing 1-, 3-, 4-, 5-, and 7-year zeros with error. The A1(3)

o and
A2(3)

o models were estimated with the additional assumption that 1-, 2-, 3-, 4-, 5-, 7-,and 10-year at-the-money 
aps were pri
ed with error.
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of KQ a
ts as a level fa
tor that is almost equally weighted a
ross the threeyields. For the models that are estimated without options, the half-life ofsho
ks to this level fa
tor ranges from 22.4 years to 31.4 years, while it isjust 8.09 years in the A1 (3)
o model and 8.46 years in the A2 (3)

o model.That is, for the models that are estimated without options, the risk-neutralexpe
tation of future yields is high, but sho
ks to the level of yields are verypersistent. By 
ontrast, for the A1 (3)
o and A2 (3)

o models, under the risk-neutral measure the level of yields reverts more qui
kly to a lower long-runmean (i.e. sho
ks are less persistent and die o� more qui
kly). Both of these
ombinations produ
e an upward sloping yield 
urve 
onsistent with the data.However, the faster mean reversion to a lower long-run mean �ts the jointswaps and options data best. Although heuristi
, we also feel that the lowerlong-run means represent a more e
onomi
ally plausible level of risk aversionwith a rate of mean reversion that is on the order of business 
y
le frequen
y.For example, Gurkaynak et al. (2005) �nd di�
ulty re
on
iling the business
y
le frequen
y variation (under P) in ma
roe
onomi
 variables with thelong frequen
y variation impli
it in long maturity bond yields (under Q).To some extent, our �ndings that the options-based estimates have higherrates of mean reversion (under Q) suggest that information in option pri
espartially attenuates this di�eren
e.5. Fa
tor AnalysisLitterman and S
heinkman (1991) �nd that most of the variation in bondreturns 
an be explained by the level, slope, and 
urvature of the yield 
urve.In this se
tion we examine how the expe
ted ex
ess returns in ea
h modeldepend on the level, slope, and 
urvature of interest rates (whi
h are, in turn,a�ne fun
tions of the underlying states in the model). In ea
h model thatwe estimate we 
an write
Et

[
re,τt,∆t

]
= CONSTANT + LEVEL× Y

(0.25)
t + SLOPE× (

Y
(10)
t − Y

(0.25)
t

)

+ CURVATURE × (

2 · Y
(2)
t − Y

(10)
t − Y

(0.25)
t

)

, (21)where Y
(0.25)
t , Y (2)

t , and Y
(10)
t are the 3-month, 2-, and 10-year zero-
ouponswap rates, respe
tively. For ease of exposition, we fo
us on the 10-yearreturn de
omposition for a holding period (∆t) of 3 months. Results are26



A0(3) A1(3) A1(3)
o A2(3) A2(3)

oCONSTANT -0.224 -0.129 -0.159 0.012 -0.127LEVEL 3.157 2.920 2.672 0.683 2.455SLOPE 9.030 3.263 6.631 1.173 6.443CURVATURE 3.347 0.680 3.524 2.080 6.231Table 9: Composition of Expe
ted Ex
ess ReturnThis table provides the values for CONSTANT, LEVEL, SLOPE, and CURVATURE for ea
h ofthe models that we estimate, where the 3-month expe
ted ex
ess return on a 10-yearzero-
oupon bond is
Et

[

re,5t,1

]

= CONSTANT+ LEVEL× Y
(0.25)
t + SLOPE× (

Y
(10)
t − Y

(0.25)
t

)

+ CURVATURE× (

2 · Y
(2)
t − Y

(10)
t − Y

(0.25)
t

)

.similar for other moderate and long maturities. Table 9 provides the valuesfor CONSTANT, LEVEL, SLOPE, and CURVATURE for ea
h of the models that weestimate. Comparing the A1(3) and A1(3)
o models, we see that in general theoptions model gives more weight to SLOPE and CURVATURE (3.26 versus 6.63and 0.67 vs 3.52, respe
tively.) The weight on level is similar a
ross thesemodels. Regarding the A2(3) and A2(3)
o models, we see a similar patterna
ross SLOPE and CURVATURE: in
luding options results in a larger weight onthese two variables (0.68 versus 2.45 and 2.08 versus 6.23, respe
tively.) Notethat although the di�eren
es are of similar magnitude, SLOPE has roughlythree times the standard deviation of CURVATURE, therefore we 
an 
on
ludethat in
luding options in model estimation primarily helps to identify therisk premium (or expe
ted ex
ess return) that is asso
iated with the slope ofthe yield 
urve and, to a lesser degree, the 
urvature of the yield 
urve.The A0(3) model shows a roughly similar pattern to the models that weestimate with options, with 
omparable values of LEVEL and higher valuesof SLOPE and CURVATURE. This result is 
onsistent with our �ndings that, asa group, the A0(3), A1(3)

o and A2(3)
o outperformed the A1(3) and A2(3)models with respe
t to fore
asting bond returns.Dai and Singleton (2002) present two additional 
hallenges for dynami
term stru
ture models that are related to risk premia in �xed in
ome mar-kets. The �rst 
hallenge, whi
h Dai and Singleton (2002) refer to as the27



linear proje
tion of yields, or LPY(I), is to mat
h the pattern of violationsof the expe
tations hypothesis that is do
umented in Fama and Bliss (1987)and Campbell and Shiller (1991). These papers regress ex
ess returns on theslope of the yield 
urve and �nd that the regression 
oe�
ient is not 1, butinstead is negative (and more so for longer maturities). Dai and Singleton'sse
ond related 
hallenge, LPY(II), states that when ex
ess returns are ad-justed by model-implied risk premia, the expe
tations hypothesis should berestored and the regression 
oe�
ient on the slope of the yield 
urve shouldbe 1.Spe
i�
ally, Fama and Bliss (1987) and Campbell and Shiller (1991) per-form the following regression
Y n−∆t
t+∆t − Y n

t = Φ0,n + Φ1,n
∆t

n−∆t

(
Y n
t − Y ∆t

t

)
+ εnt , (22)and �nd that the regression 
oe�
ients, Φ̂1,n, are in
reasingly negative forlarger maturities n. Figure 3 provides the LPY(I) regression results for themodels that we estimate.17 Dai and Singleton (2002) �nd that only the A0(3)model mat
hes LPY(I). We also �nd that, when not using options data, onlythe A0(3) model with 
onstant volatility mat
hes LPY(I) while the modelswith sto
hasti
 volatility fail to repli
ate this feature of the data. In 
ontrast,we �nd that the models with sto
hasti
 volatility, when estimated jointlywith options data, are statisti
ally 
onsistent with the empiri
ally observedslope 
oe�
ients. For all of the models, the observed slope 
oe�
ients liewithin a simulated 95% 
on�den
e interval. However, the point estimatesin the A0(3), A1(3)

o, and A2(3)
o models are mu
h 
loser to the observedregression 
oe�
ients in the data. In unreported results, we also found that,when adjusted for small-sample bias, the A1(3)

o and A2(3)
o models thatwe estimate with options also satisfy LPY(II). Our results di�er from the�ndings in both Du�ee (2002) and Dai and Singleton (2002) that dynami
term stru
ture models with 
onstant volatility were superior to those withsto
hasti
 volatility, in terms of 
onsisten
y in predi
ting yields. Instead, we17The mean regression 
oe�
ients for ea
h model were generated using 1,000 simulationsof an Euler approximation of the sto
hasti
 volatility models. In the 
ase of the A0(3),the 
on�den
e interval 
an in fa
t be 
omputed exa
tly in 
losed form. The sto
hasti
volatility models do not yield 
losed form expressions for the 
on�den
e intervals sin
e
losed form transition densities are not known for these pro
esses.28
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Figure 3: Regression Coe�
ients from Linear Proje
tion on YieldsThis �gure shows the regression 
oe�
ients of the Campbell-Shiller regression Y
(n−0.25)
t+0.25 −

Y n
t on slope, (Y n

t − Y
(0.25)
t /(n− 0.25). The model values are simulated mean regression
oe�
ients. The A0(3), A1(3), and A2(3) models were estimated by inverting 3-month,2-year, and 10-year swap zeros and pri
ing 6-month Libor and 1-, 3-, 4-, 5-, and 7-yearswap zeros with error. The A1(3)

o and A2(3)
o models were estimated with the additionalassumption that 1-, 2-, 3-, 4-, 5-, 7-, and 10-year at-the-money 
ap were pri
ed with error.
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�nd that using options data for estimation allows the models with sto
hasti
volatility to maintain similar or superior performan
e along this dimension.6. Con
lusionInterest rate options may 
ontain information about the risk premiumin long-term interest rates be
ause their pri
es are sensitive to the volatilityand market pri
es of the underlying interest rates. We use the time seriesof interest rate 
ap pri
es and swap rates to estimate 3-fa
tor a�ne termstru
ture models. The risk premiums that we estimate using interest rateoption pri
es are better able to predi
t ex
ess returns for long-term swapsover short-term swaps. We show that in
luding options redu
es the estimateof the risk-neutral long-run mean of yields and in
reases the estimated rateof mean reversion to a more e
onomi
ally plausible level. We also showthat in
luding options helps us to identify the portion of the risk premiumthat is asso
iated with the slope and 
urvature of the yield 
urve. Witha 
orre
tion for a small sample bias, the models with sto
hasti
 volatilitythat we estimate with options also 
apture the failure of the expe
tationshypothesis and mat
h regressions of returns on the slope of the yield 
urve.A
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