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Abstract

Data available on continuous-time diffusions are always sampled discretely in time. In
most cases, the likelihood function of the observations is not directly computable. This
survey covers a sample of the statistical methods that have been developed to solve this
problem. We concentrate on some recent contributions to the literature based on three -
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of the transition densities converges. It is the appropriate transformation of X,
whose expansion starts with a N(0,1) term. Since Z is a known transformation
of X, the expansion of the density of X can then be obtained by the use of the
Jacobian formula, thereby leading (analytically) to closed-form approximations of
the maximum likelihood function.

As pointed out before, the first two techniques on which we shall concentrate
here, the Euler-Maruyama discretization and the Martingale Estimating Func-
tions, are based on replacements of the true likelihood function (which is not
known) by some approximation. Such procedures, sometimes classified as indirect
inference {Gourieroux and Jasiak, 2001), are usually followed by additional steps
involving simulation and calibration (in order to improve the quality of the esti-
mators). The third method object of our analysis will be the Generalized Method

of Moments (GMM).

2. Two Basic Applications in Finance

Diffusion processes provide an alternative to the discrete-time stochastic pro-
cesses traditionally used in time series analysis. The need of modelling and esti-
mating such processes has been particularly important in finance and economics,
where they are fitted to time series of, for instance, stock prices, interest rates,
and exchange rates, in order to price derivative assets.

The applications shown below fall into a category (see subsection 4.2.1) in which
the diffusion process is of a type such that the transition functions are known. In
this case the parameters can be directly estimated by maximum likelihood. The
reason we introduce such applications here is that they are a point of departure
for more complicated models, which use other underlying diffusion processes; and
which do not lead to transition functions that are known.

For instance, there is considerable evidence that the increments of the logarithm
of the price of the stock used to price options in the Black and Scholes model are
neither independent nor Gaussian, as implied by equation (2) below. This leads
to the necessity of more complex estimation processes, the analysis of which is the

purpose of this survey.

e Black and Scholes (1973). We present here the version of Campbell et al.
(1997). Suppose we want to find the price G(P(t), ) at time ¢, of an (Euro-
pean) option with strike price X and expiration date T > ¢, with 7 =T —1%.
We assume that the relative changes of prices follow the equation:

L) — kP, Py given

with k(t) = p + 0Z(t), Z(t) a white noise and x4 and o constants. In Itd’s
representation:
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dP(t) = pP(t)dt + oP(t)dW(t), >0 @)

W (t) standing for a standard Brownian motion. The hypothesis of the model is
that P(t) describes the stock price upon which the option price is based. Now
suppose (we omit the arguments of the function P(.)) that an initial investment I

is allocated in options and stocks according to

I=GPt)+aP (3)
Using 1t6’s Lemma: '

dG(P,t) dt [yPGp +Gi+ EP“a’c;pp] + PGpodW

1
dI(t) = dt [(a +Gp)Pp+G: + §P202GPP] + (@ + Gp)PodW

"The risk is zero when dI (t) does not depend on the stochastic component
(a+ Gp)PadW, which implies o+ Gp = 0. In this case the expected incon?e per
unit of time is G + 3 P?0?Gpp. Denoting by r the risk-free rate, the no-arbitrage

) Gt} + %P%"’Gpp =r]
Using (3) and the no-risk condition once more:

G+ %on’szP = r(G + aP) = r(G - GpP)

from which we get:
Gi+ sPYaGrp —1(G - GoP) =0 )

Since the (European) option is only exercised if the price at time T is no less
than the strike price X: . .
© G(P(T),T) = max(0, P(T) — X) - -(5)
Solving (4) with condition (5) gives the price of the option as a function of time
and of the parameter (which must be estimated) o.
e Cox et al. (1985):! In this model the state variable follows a diffusion process

dX; = (a+0X;)dt + o/ X dW;

1This process is usually abbreviated by CIR-SR, with SR denoting square root (because of
notes by CIR-VR the process, used in another work of these

the Xz term). One usually de ¢
authors, in which the exponent of X; is 3/2, rather than 1/2. We shall come back to this process

later in this text.

given by:
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In this case the parameters a,8 and o are the purpose of the statistical
estimation.

3. The Generator of a Diffusion Process

Let f(.) be a bounded twice continuously differentiable function, with bounded
derivatives, and X; a generic time-homogeneous diffusion process defined on the
probability space (2, F,P). Let Q be the probability measure induced by X; on R®

(for any t) and L?(Q) be the space of Borel measurable functions f(X;): R* — R,

Q -square integrable. In this space (not distinguishing between the space itself and
the equivalent-classes space) we define, for ¢ > 0, the family of operators:

Tef(zo) = E[f(X:) | Xo = zo] (= E°(f(Xz)) (6)

" It can be shown that these operators (L2(Q) —L?(Q)) are well defined (f = f*
Q-a.e.— ['¢(f) =Te(f*) Q-a.e. and I'e(f*) € L?(Q)), a weak contraction ([I":(f)l

< |Ifl) and a semi-group (by the law os iterated expectations, E%(X;4,) =

E%(E*(Xi+s)), implying Cyys = [eTy). ; v
In the remaining of this text, we will some times refer to the infinitesimal

generator of a diffusion process f(X;). The infinitesimal generator gives a measure

of the infinitesimal drift of a diffusion. For some functions f € L2(Q) for which
the limit below exists ( call it ¥, a proper subset of L3(Q)), this is defined as:

Af(zo) = ?%M’ >0 )

I and A commute on ¥ and ¥ is dense in L%(Q).
We need a Proposition about the way how this generator materializes in the

case of a particular diffusion process. The initial part of the proof is done in
Hansen and Scheinkman (1995).

Proposition 1 Consider the one-dimensional diffusion process defined as solution
to the stochastic differential equation:

dX, = b(X¢; 8)dt + o(Xs; 6)dW; ®)

where Wy is a Wiener process. Let Lg be a (differential) operator defined by:
d 1 d?
Lo = b(z; 6);1—3:— + 502(:1:; 0)3? (9)

Then Af(zo) = Lof(zo)-

Proof We divide the Proof in siz parts.
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I - Write Y; = f(X,), use (8) and apply Ité’s formula to get:
dY: = f'(Xe)(b(Xy; 0)dt + o(Xe; 0)dWr) + %f"(X,)a’(Xt; 0)(dw:)?
IT - Substitute dt for (dW:)? and integrate to get:
Y. = f(X:)=f(zo)+ /(: [b(xs;o)f,(xa) + %f”(X,)a"(X,;O)] ds+

+ [ OG0,
IIT - By 7thévc'b’n:tmction of the Itd’s Integral, for u <%,
5 [ FOoxaob, = [ oK,
Using the definition of Lg established by (9),

Y — f(zo) ~ /0 ‘ Lof(X,)ds

is a continuous martingale.
IV - Taking expectations conditional on zo:

BIFCK) 0] — £z0) = B[ Zof(Xu)ds | ]

V - Using Fubini’s theorem (by assumption, the integrand is quasi-integrable w.r.t
the product measure) and definition ( 6):
' ¢
Duftan) — 1) _ (170 [ uLof(wolds
S 0
vI . Now take limits with t — 0 on both sides of the above equation. The left side,

by definition, is equal to Af. Therefore, the demanstration will be finished once we
show that the limit of the right side equals Lof. We need to show: »

/m {[(l/t) /0 t(l}‘-.Lef(zo) - Laf(zo))ds]’} dQ — 0
Using the Cauchy-Schwarz (Holder) inequality:
[ {iam [[@Lasten) - rsteonist} a2

(1/e)? /R ] { /o '[FuBof (z0) - Lof(zo)l'ds /0 t 12ds} dQ
/e) [ { [ Iebostan) - Lafea)Pis a2
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Using Fubini again,
CYRT T.Lof(z0) ~ Lof(aoll’ds | d@
078 [[{ [, Fetefo) - Lostanac) ds

(1/t) /o t IT,Lo f (o) — Lof(zo)l|” ds

which goes to zero by the assumption that X is (Borel) measurable with respect to
the product sigma-algebra (the sigma algebra generated by the measurable rectangles
AzB,A € R,B € F (this implies® that, for each ¢, {T:9, t.> 0} converges to ¢
ast}0)). N ' ‘ o o

4. “Maximum Likelihood Estimation (MLE)

4.1 Continuously observed data

Likelihood methods for continuously observed diffusions are standard in the
literature. We concentrate our exposition here on Prakasa (1999) and Basawa and
Prakasa (1980). The important point to note is that likelihood function:in this
case can be obtained by a classical result on change of measure. Lo

Consider the diffusion process (1). Note that the function o(s, X,) does not
depend on the parameter §. We assume that o(s, X:) is known or, alternatively,
that it is a constant, in which case it can be estimated from a standard quadratic-
variation property of the Wiener process. Stokey (2000:2), presents this as an
exercise. : -

- Proposition 2 If X is a (i, o?) Brownian motion, then over any finite interval -

[S,S+1T]:
on . .. 2 ' ,
QVL= Zl [X(;—?:—,w) —X(Q—z,‘l—)z,w)] ——»}_q’T, P—ae. as n — co.
J= ] .
(QV stands for quadratic variation).
Proof We omit the w. Make -
Ty G DTy
8jn = X(5) - X (L5

Then E(Ajn) =0 and , : :
XU - XU /T _ T

B T T

25ee footmote 4 in Hansen and Scheinkman (1995).

B(As) = B
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because T)_X(,:l %) is a N(0,1) r.v. Define zn = Z?;I(A,-,,.)z. Then

-
Ez, =E() (80" = T

=1

and "
E(zn — 0°T)? = Var(za) = Ver(d_(Ain)?)

j=1

By the independence of increments: e

N 2" 2" A2 X(i5) - X(!L:;)_T_) v
E(@.—-0T? = Z Var(Ajn)? = %5;;“’07‘(( 2 = 2 » )
i=1 3=1 975w
_ 2T | (10

2ﬂ
because (X -T)fjg( -”))2 has a chi-square distribution with one dw of
freedom. (10) implies convergence of Tn t0 02T in Lao(P). To prove, as required,
that QV = limaZn = o2T, P — a.e., note that: S :

oo .
S E(zn - o*T)? = 20*T? < 00
n=l

Since (zo ~T)? 20, o E(zn —- 2T)? = E( o2 q(zn - 0?T)?) < oo. This
implies " ‘ . v
‘ }:(:z:ﬂ — ’T)? < o0, P-a.e.
lim(z, — 0°T)* =0, P-a.e.
o n
~and -
o QV = limpzp = o*T P-a.e.
- . . S

Proposition 2 allows us to consider (1) with o = 1. S
Formally, let (2, F, P) be a probability space and {.ﬁ,t >0} a ﬁltr;tlon in
(9, F) . Suppose {X.} is adapted to this filtration and satishies (1). Let Pj be the
probability measure generated by {X:;,0<t< T} on the space (C‘[O, T],Br), B
- corresponding to the Borel sigma-algebra defined in C[0,T}. By this we mean:

PF(B)=P{wef:X,€B, BeBr}
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Brazilian Review of Bconometrics  24(2) November 2004



Rubens Penha Cysne

P{(B) is the measure induced by the process X;(f) on C[0,T].
In the same way, let P3 be the probability measure induced by the Wiener

process in C [0, T] :
Py(B)=P{weQ:W;eB, BecBr)

Then, under regularity conditions ensuring (for all § € 8) the absolute continuity

of PJ with respect to Pj,, the Radon-Nikodym derivative :—ﬁ; is given by (see

Oksendal (2000), Girsanov's theorem): v

i T 1 (T,
dP% = exp / h(ots’Xt)dXt"'_/ h*(0,s,X;)dt » , [P — a.e]

By definition, the MLE OT(XT) of 9 is defined by the measurable map GT
((C[0,T},-Br)-—-(8,7),-such-that:

dpPT dpT
&6 _ qup(Zle
apz = o (Gpr)

where 7 is the c—algebra of Borel subsets of ©.

Example 2 Making h(6, s, X;) = 0, the above equation leads. to the mazimization
of £(6) = 6Xr — 6*°L, with solution 6 = X7 /T. .

4.2 Discretely observed data
4.2.1 The case in which the transition densities are known

There are three well known cases in which the stochastic differential equa-
tion (1) is easily solvable, and the corresponding transition functions known:? i)
h(8,t, X:) = pXy, ot, Xt) = 0X;, called geometric Brownian Motion, used, for
instance, in the Black and Scholes model; ii) h(6,¢, X;) = a(8 — X¢), o(t, X:) = o,
the Orstein-Uhlenbeck process, used, for instance, by Vasicek (1977) to analyze
the dynamics of the short-term interest rate and; iii) h(6,t, X;) = p(8 — X),
o(t, X;) = ov/X;, which is the diffusion used in the Cox-Ingersoll-Ross model of
the term structure of interest rates. The first of these processes leads to log-normal,
the second to normal, and the third to non-central chi-square transition densities.

Example 3 (Mazimum likelihood estimation when the transition functions are
knouwn): Consider the eguation that describes the evolution of the price of the
underlying stock in the Black and Scholes model.® This falls into the first case
considered above:

dP(t) = . uP(t)dt + oP(t)dW (), t>0 (11)

3Wong (1964) investigates some other particular cases.
4Note that this same diffusion equation (usually called geometric Brownian motion) could

be used to model different phenomena, in particular populational growth.
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Define Y; = log(P.). Using It6s rule:

dYs = (u— 1aﬂ)dt + odW(2))

The above egquation implies a normal distribution for the transition densities of
Y:. Integrating,

log P, =log P + (s — -l-a’)t +oW(t) (12)

P, = poe(n—%w’)t oW(t)

The cond:twnal dwtnbutwn of Py given Py is a log normal with mean log Po+(n—

§az)t and variance o2t. The conditional mean of P, given Py can be obtained by
using the formula Jor the moment generating function of a normal random variable
of mean (1 — 202) and variance 0%t :

E(P, | Py) = Poett~do ¢ - poont (13)

Since. the‘transitioh densities of Y; are known, the application of mazimum likeli-

hood in this case follows in a straighiforward way. Assuming that the first obser-
vation of the Markov _process are knoum, equation (13) leads to the estimators of

the mean (&) and variance (b) of logP; —log P,_, given. by:

s - L Z¢=1(logpt - Iogpz—l)
. 1 N —a
b = N Zt=1(1°gpt ~log -1 — d)?

The Mazimum Likelihood Estimators i and o2 are then given, respectively, by
d+ % andb. _
One nice feature of continuous modelling is that we can analyze what happens

when the time between observations tends to zero. In the present case, this can

be done with the help of equation (12). If the time between observations is A,
log P, — log P,—h has a Gaussian distribution with mean (b- —2-)h and variance
o2h. The estimators of both x and o2 (trivially obtained by maximum likelihood),
as well as their asymptotic variances, are functions of h and T, the number of
observations. One can show that the variance of the volatility parameter depends
only on the number of observations T". It does not depend upon: the sampling
frequency h. The variance of the drift parameter u, though, depends on both T
and h. The drift parameter & cannot be consistently estimated when the whole
time span of the observations is fixed, even if b — 0 (with AT — k € R).®

5The asymptotic variance of the MLE estimator of o2 is equal to 204/7.
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4.2.2 The case in which the transition densities are not known

As mentioned before, the diffusion for the prices of stocks described in the
Black and Scholes model is usually not supported by the data. Here we analyze
estimations in more general settings.

Given n +1 observations of a diffusion process like (1), consider the data X (t)
sampled at non-stochastic dates tp = 0 < t; < ... < tn (equally spaced or not).
The joint density of the sample is given by:

P(Xo,Xl,---,Xn)=P0(Xo,9)n?;—.1pkj(xtjstjIXt,-ut:'-l;") - (19

where pg(Xo) is the marginal density function of X and ori(Xeys t; | Xejas
t;1;0) represents the transition density functions. Such functions are usually not
known. In this section, we examine how this problem can be dealt with by using

. .Qaussian-distributions-te-approximate the densities. When the distance between
observations is sufficiently small, such approximations lead to reasonable (although

biased) estimators.

Sorensen (1995) is the main source of our analysis in this section and the
next. In contrast with other methods which use approximate likelihood ratios
(Kutoyants, 1984, Yoshida, 1992), the method below uses the exact likelihood of
a discretized process.® : :

To see how it works (Prakasa (1999), Florens-Zmirou (1989)), let us start with

the diffusion: v _
ng = b(Xt, G)dt + U(Xg, 0)th, XO‘ =T o : (15)

Following Sorensen (1995), we assume that the functions b(X;,0) and (X, 0)
are known, apart from the parameter 6, which varies in a subset © of R%. We
discretize this process by assuming that the drift and the diffusion are constant in

the time interval’ A; = t; — ti-1:
Xt; - Xt"-l = b(Xt‘_‘” o)Ai + U(Xta_x ) 0)(th‘ - m.-_;__) )
Since Wi, — We,_, | Weiy ~ N(0, 0(X¢,_1,8)As), we are actually assuming:

Eo(Xy; ‘ Xfi-l) = b(Xta-uo)Ai + Xty v » (16) '

Ey [(Xti‘_ Eo(Xta l Xt{—x))z l th—x] = an(Xh—-no)Ai (17)
when the diffusion coefficient is constant

8Both methods, though, lead to the same estimators,

(see Shoji (1995)).
7For equidistant intervals, such approximation, usually called an Euler-Maruyama approxi-

mation (Kloeden and Platen, 1992), can be written
Xe, — Xy = b(Xe;_y16) + €bgs €t | Xegy ™~ N(o, aa(X‘.i—x 1)
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Note that there are two types of approximation here, one regarding the mo-
ments and the other regarding the distribution of the transition densities (as Gaus-
sian). The former usually introduces biases, whereas the latter leads to inefficiency

(Sorensen, 2002).
The transition density of the discretized process then reads:

1 1 (Xta - Xt-’—x - b(Xti-no)Ai)z)

X, ) = ———e—————exp(—
p(Xe; | Xeiea) m exp( 2 02(Xe,_120)Ai

Ln(e) = Hp(xte | Xti—n)p(xlo) (18)
i=1

Using the last two results and taking logs, the parameters of the problem can

" be found by the maximization of:

: . N N ‘
v = - g { (e = "f,‘;g;(:%‘};; ’ a)A_‘).z + log(2r0® (Xes, o)m)}
+logp(Xe) o . (19)
: :_ Taking the derivative with respect to @ Jeads to the score function:
Hn(0) =), (20)
’ i=1 , »
‘ _ . ;'!'((%)5 [(Xta - Xt _.b(th—ne)Al')] + ‘ }
{‘ +2 0-03)({)‘(:_‘:,“0)' i [(Xti - Xta-—l - b(Xti—x ’O)Ai)z - Uz(Xti-.u o)At]

with the subindex (.)¢ standing for the vector of partial derivatives with respect

to 6.
‘Example 4 The Coz-Ingersoll-and-Ross process which we have first seen in sec-

‘tion 2 (CIR-SR), satisfies the stochastic differential equation:

X, = (o +0X2)dt + o/ XedWe (21)

> 0. Assume that the distance between observation times,

witha > 0,0 <0 and o
As shoun by Sorensen (1995), for this process

A, is the same along the sample.
(20) leads to the estimators:

& (th - Xo)(% E?:l Xh-l)_l - 22;1 Xt:j; (Xti - X‘i—l)
n = " —
A [nQ(Z:;l 'Xti--l)_1 - Z?=l X .'ix]
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A ?=l Xt:_ll (Xti - th‘-—l) - %(th - Xo) E:‘=l Xt:—ll
A [n = (Si Xeea)(Si X2, )/n]

n =

. 1 «—n : L 2
2= Y Xk X = Xus — (Gn 40X, 8)]
By making, in (20), 0}(Xy,_,,0) = v(Xy,_,,0) we obtain equation (2.3) derived in
Sorensen (1995). By deleting the quadratic term (which would be the case when
o? is known), we get:

- N (be(Xe, ;0
Hn(6) = ; { &—(Xﬁ [(Xee) = Xetiory — b(Xh-,;(?)A.-]} (22

Consistency and Asymptotic Distribution

This estimating function has been studied by Dorogovcev (1976), Prakasa
(1983, 1988), Florens-Zmirou. (1989) and Yoshida (1992) in the case when the
diffusion coefficient is constant and the parameter @ is unidimensional. Basically,
theses authors have shown that expecting these estimators to be consistent and
asymptotically normal requires assuming that the length of the observation interval
(nAn) goes to infinity and that the time between consecutive observations (A,)
goes to zero. Yoshida (1992) proved asymptotic normality imposing nA2 — 0,
whereas Florens-Zmirou (1989) used the less restrictive assumption nA3 — 0.

Summing up, the estimation by discretization of the transition function works
reasonably well when the distance between observation times, A, is sufficiently
small. Kloeden et al. (1992) confirmed this fact through simulation, whereas Ped-
ersen (1995a) and Bibby and Sorensen (1995) have shown that if A is not small

the bias can be severe.

Improving the Approximations for the Moments

Lemma 1 in Florens-Zmirou (1989) provides an expansion of Eg(X4 | X = z)
which can be used to improve (16) and ( 17) to second or higher order. This Lemma
will allow us to get better approximations of the average and of the variance of
the Gaussian approximations to the transition functions. It reads:

Lemma 3 (Lemma 1 in Florens-Zmirou (1989)): Let f € C®*+? and denote by
EF the conditional ezpectation w.r.t. o(X,,u < kA) ( the c—algebra generated
by (Xu,u < kA)). Then, with E*~1 denoting the conditional ezpectation w.r.t the

8Florens-Zmirou refers to Dacunha-Castelle and Duflo (1982) as the original refereﬁce for the
Lemma.
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information available at date (k —1)A:
s

Al
EF1f(Xra) = g—lrlf‘f(x(k-m\)

A pun u, .
e duy...du,
+/o/o /0 EFH L Y X (k-1 ats)duir- dusi1

(23)

of the operator L derived in section

Notice in the expression above the presence
ias of the

3. This expression, among other things, can be used to determine the b

estimator. §.derived from (22). _ ,
The new equations for the conditional average and

(writing b for b(z; 6) and v for v(z; 0)) read:
‘ 1 1 3
Eo(XA ] Xo= a:) =zx+Ab+ §A2 {bbz + -2—vbn} + O(A ) (24)

and
1 1 3
Vare(Xa | Xo=1z) =vA + A? [-2-bv,,- +v {b'z + Zv”}] +0(Aa%) (25)

ch‘>te that (16) and (17) are a particular case of these expressions, for the cases

when { =1 in (23). .
In order to derive these expressions, note that, from Lemma 1 in Florens-
Zmirou, making f(x) = =, we have:

. A?
Es(Xa | Xo=z)=z+ALz+ —:—Z—Lza: +
. A U u2
‘ JEE / / / E(L%z)(X.)duiduadus
o Jo Jo

X, standing for X(x—1)a+4 in Lemma 1. N
’ Sinc:l)l.',lg = b(a:(, 0),)L2:c = Lb(z,0) = bbs + 1vby, we get (24) The remaining
O(A?®) derives. from the fact that the (absolute value of the) integrand in (23) is
supposed to be bounded (Sorensen (1995), provides suﬁ?clent;.condltxons in some
particular cases) by some MeR,andy; <A,i=1,2,in which case,

A puy pu 3
/ / / |E(L3x)(X,)du1du2du3| < MA
o Jo Jo o
o get (25) we need Ep(X3 | Xo = ). Again, using (24):
A o,
Eo(X2 | Xo=2)=2"+ ALz® + —2—-Lzz +

A puy pu
+ / / / E(L3z?)(X2)du;...dus
0 0 0
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We have: La? = 2bx + v, L22? = L(2bz + v) = b(2b+ 21b, + vg) + (2bs +
2b, + 2zbyz + vzz). Hence,

2
B(Xd | Xomz) = o+ A@bs+u)+ 5 (52 +2zbs +us)  (26)
1
+ -2-0(2b= + 2b, + 22bzz + Vzz))

From (24) we get:
2 ’ .
[Ee(Xa | Xo= z))? = 2? + A2bz + %—(2b2 + 2zbb, + xvbzs) + O(A®)  (27)

By subtracting (27) from (26) one gets ('25).

Following Sorensen (1995), suppose X is an ergodic diffusion with invariant

he process departs from

the invariant measure, the expressions
function (22) given by:

Eofin(8) = %Aan,., {b,_(o) [b(e)b,(a) () + % zz(‘sv)] } +0(nA%)

This expression can be obtained by expanding Hy(6) in (22):
Ay - Bn(@) = By@6-8 @
Since I?N(é) =0, we have o , ‘ i
o) = N ABw {b:(6) [6(8)bs(6)/v(6) + 3b==(0)]}
A R CLOVO)

When the quadratic term in (20) is taken into consideration, the bias (when 8 is
the true parameter value) turns out to be: b e
Ffin(6) = -;-AnE,,,‘{a, 10gv(6) [-;—b(ﬂ)b,‘logv(O) +8:b(6) + -2830(0)] } +

+ 0O(nA?) S
The important point to notice above is that the bias of the estimating function
is of order A®n, being therefore considerable even when A is small.

Improving the Estiﬁx_ators by Uéing Better Approximations for the Mo-
ments ] BRI <

Under certain technical conditions, Kessler (1997) devised ways to reduce the
bias described above. He retained the idea of approximating the transition densi-
ties by a Gaussian distribution, but improved the approximation of the mean and
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of the variance. In order to follow Kessler’s approach to the problem we need one

definition.

Definition 4 Make .
At
re(8,z:0) =3 rLef(@)
i=0

where f(x)=z, and where L} denotes the #h application of the differential operator

as the ones detailed in the previous section, but now
2 only), Kessler obtained new

approximations for the mean and for the variance of the transition function ¥

(now, with a remainder term of order O(A¥+1)):?

Using the same ideas

Ep(Xa | Xo =) = (A, 7:60) + O(A**) (29)
' k k=i Ay

Vi(A,z:6) = YA Y 7 Liel, (@) - G0
Cog=0 =0

where ¢J (),7=0,1, ..k is defined by the expression:

. k 3 . P
(v —ru(A,7:0))* =D Algl (4) + O(A*+)
: =0
As shown in Sorensen (1995), the new approximation of (18) with (29) and
(30) replacing (16) and (17) leads to a new approximate score function and to new
estimators that perform better than the previous ones. ‘

Example 5 Suppose X i3 governed by:
' dX, = 0X.dt + cdW;

oun that the estimating function based on the approrima-

Sorensen (1995) hassh
ection (with equidistant observations) leads to the estima-

tion detailed in this subs

tors (for k=2): . ,
’ fan =AY (v2Qn—1-1) (31)
' ’ lyn -
Fan =2 Z'il(x‘; f‘.‘;‘o';) (32)
| A + 02,02 + 362 A
where B
o Qn= ,_Z_:‘;}M‘r_’- (33)
. E(=1 szi-x
provided that Qn > 1/2.
9Remember that in the previous subsection we made an assumption about the boundedness
of the integrand.
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With these modifications, one gets another score function (which replaces
(20)) and other estimators. The estimators so obtained are only slightly biased
(Sorensen, 1995), when A is not too large. Under additional conditions, Kessler
(1997) shows that the new estimators are consistent and asymptotically normal.

Measuring the Loss of Information Due to Discretization

Dacunha-Castelle (1986) assumes that the sampling is equidistant and provides

a measure of the amount of information lost by discretization in the nonlinear case.’

The loss is measured, as a function of A, in terms of the asymptotic variance of the
MLE estimator of the parameters. Such a procedure allows for a determination of
how spaced in time the observations can be without leading to a significant prob-
lem. The author studies the model (15) [called model E*] and also the particular
__case when g(X:,4) = o (a constant) [called model E]. ‘

The method expresses the transition density of the Markov chain, pa, as a
combination of Brownian Bridge functionals.!® This is achieved through the use
of Girsanov’s theorem and Itd’s formula. The author concludes that, when o is
known, the loss of precision on account of discretization is of order A2, whereas

when ¢ is unknown the loss is of order A.

5. Martingale Estlmatmg Functions (MEF)

This section is based on Kessler and Sorensen (1999). We start this section
with a Proposition showing that the score function used to derive the MLE in the
previous subsections are themselves Martingale estimating functions. The proofs

are standard in the literature.

Proposition 5 Under regularity conditions (u r.c.), the score function is a Mar-
tingale. ‘

Proof First we show that the likelihood function is a Martmgale and then that the
"Score Function is a Martingale.’

I - The likelthood function is a Martingale:

Let P and Q be two different probability measures on the space (Q,F), and
let Fpnen be a filtration defined in this space. For each n, let P, and Qn be the
restrictions of P and Q to F,. Suppose Q, is absolutely continuous with respect
to P, and moke Z,, the likelihood function (Radon-Nikodym derivative) dQn/dP,.
Then, for sets A in the o—algebra F,_1 we have (because the restriction of P and

105 {X(t), t>0} is a Brownian process, a Brownian Bridge is the stochas-
tic process {X (t), 0<t<1|X(1)=0}. It has mean zero and covariance - function
Cov(X(a) X(@®) | X(l) 0,8 < t < 1) = s(1—t). It can also be represented as Z(t) = X (£)—tX (1)
and is very useful in the study of empirical distribution functions.
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Q to Fy and the restriction of P and Q to F,_; must agree on sets in Fn_1):
/ Zy_1dP = Q(A) = / ZndP
A A
By the definition of conditional expectation, since A is in Fp_1

/ Efn-1Z,dP = / ZndP
A A

Since the probability measure is finite, these equalities imply E¥»-1Z, = Z,_,,
P-qg.e.

IT - The score function is a Martingale:
Now working with densities defined with respect to the Lebesgue measure, con-

 sider the likelihood function Ay = exp(in(0) — In(60)). Taking the first derivative

with respect to theta yields dAn/df = Apdl,/df. Assuming the derivative can be
passed through the integral:
vo Andln/d0 = Egr"'dAn/d8 = (d/df)Eqg"" (An)

(d/dg)An—l = An-—ldln—l/da

4

The demonstration is concluded by setting 6y = 0.1

‘We have seen that the use of Gaussian approximations of the transition function
leads to biased estimators. We have also seen the biases of such estimators can
be somewhat reduced (but not eliminated) by the use of better approximations
to the mean and to the variance of the transition density. Such a problem can be
avoided by the use of more general MEF. By more general we mean MEF that
are not necessarily based on Gaussian approximations to the transition densities

of the diffusion processes.

Trying to mimic the score functlon, such estimating functions G, (6) are usually '

of the form:
Gn(6) = Zy(An Xe; 10 Xei36) (34)
» i=1 ' ‘
where the functions g(A;, Xy,_,, X,;0) - satisfy:
/Q(Ai, Xti-uxti; 0) p(A,z, I’H 0) =0 (35)

Here z stands for X;,_,and y for X;,. Part of the literature considers functions
9(A¢, X¢,_,, X¢,;0) as polynomials in y.1' The approach followed by Kessler and

11This was the case, for instance, of the score function (20). However, we have seen that
the approximation given by (20) was biased when the time intervals between observations were

bounded away from zero.

Brazilian Review of Ec trics 24(2) November 2004 291

1!'



Rubens Penha Cysne

Sorensen does not require that the functions g(.) are polynomials, even though, in
some cases, they happen to be. The example below details one such case.

Example 6 Take the Coz-Ingersoll-and-Ross (21) model presented before in this
text. As shoun by Kessler and Sorensen, for n = 0,1, ..., this model leads to the

spectrum:
Ag = {—nb}

with eigenfunctions: _
40 =3,_om( i ) Do

They are based on the ezgenﬁmctwns of the generator of the diffusion process.!?

An unportant prOperty of an estlmatmg functlon is being unbiased and being
able to identify the correct value of the parameter. Formally, if 8y stands for the
true value of the parameter, one must have:

EoG,.(o) =0&60=06,
p(A z,y; 9), the transition density from state x to state y, is usually not known.
Note that (35) means Ef =1 9(Ai, Xy, Xy,; 0) = 0, implying that G,(6) is a
(difference) martingale and, by the law of iterated expectations, EyG, () = 0. By
an analysis following the same first order-expansion used in (28), equations (34)
and (35) imply that the estimator § obtained by making G,.(H) 0 is unbiased.
It remains, though, choosing the most adequate MEF according to some opti-
mizing criterion. In order to do so, consider a class of MEF given by making, in

(34): .
g(Aia D, CRRYD. :0) = Z Clj(A; z; o)hJ (AU Xt 1s Xei; 0) (36)

_1—1
Smce for each A the event [aj(A,z;0) € B, B borelian in R"] € Fi,_, (where
z = Xy,_, ), such functions satisfy (35) if h; (A,,X;,_UX“,O) does. Godambe and
Heyde (1987) proposed two possible criteria for the choice of the MEF. The first,
called fized sample criterion, minimizes the distance to the (usually not explicitly
known) score function. The second, called asymptotic cnterzon, chooses the MEF

that has the smallest asymptotic variance.
Kessler and Sorensen (1999) provide an analysis of the fixed-sample-criterion

type. Under this technique, the estimating function can be viewed as a projection -

of the score function onto a set of estimating functions of the form (36). Such

1274 get some intuition linking the eigenfunctions to the estimators of the diffusion process,
remember (e.g., Karlin and Taylor (1981)) that the transition density of a diffusion process can
be expressed as a series expansion using the eigenfunctions.
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estimating functions are defined by using the eigenfunctions and eigenvalues of
the generator L of the underlying diffusion process (which was the object of our
analysis in section 3). An important part of their analysis is showing that MEF
can be so obtained. This is done in their equation 2.4, which we present below as

a Proposition.
Proposition 6 Coﬁsider the diffusion process (8). Let ¢(z;0) be an eigenfunction
and \(6) an eigenvalue of the operator Lg. Then, under weak regularity conditions
(u.r.c.):
Ey [$(3:0) | Xem1 = 5] = e %9(z; 6)

for all z in the state space of X under Py, implying that

9(0,3:6) = a(z; 8) {#(3:6) - P (;6) |
is a martingale-difference estzmatmg function.

Proof Make: L
zt = eMg(X,) (37

Then, by Ité’s formula:
. » .
dZ, = eM [)\¢(X¢)dt + ¢ Xe)d X, + §¢/I(Xt)(dXt)3]

' Takmg into consideration that (dX;)? = odt, and using (8) one gets:

dZ, = e [(M(Xe) + Le(Xe)dt + $(Xs)odWi]
Smce by assumption ¢$(X.) is an etgenﬁmctwn of the operator L with eigenvalue
(=2), L$(X¢) + Ap(X:) = O we have:
dZ; = e [$(Xe)o(X,)aWe)
Integrating this expression, o
Zy=Zp+ / eM($1(X,)o (X,))dW,

. Smce f "’(¢I(X,)a(X.))dW is a martingale, Z; is a Martingale (for u. < t,
~E%Zy = Z,). Using this fact in (37) and the definition of Z, one concludes that

CE19(Xy;0) = e MO2g( X, _1;0) =0, as required. B

Kessler and Sorensen:-show that the estimators so obtained are, u.r.c., consis-
tent and asymptotically normal (by using the Martingale Central Limit Theorem,

(Billingsley, 1961)).
The consistency and asymptotic normality of the estimators derived by Kessler

and Sorensen do not require the assumption, as the analysis in section 4 did, that
the time between observations tends to zero. This is an important advantage of
such estimators, since A — 0 is usually not observed by real data.
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6. GMM Estimation

As detailed in the seminal paper by Hansen (1982), a GMM estimator is ob-
tained by minimizing a criterion function of sample moments which are derived
from orthogonality conditions. Hansen and Scheinkman (1995) show how to gen-
erate moment conditions for continuous-time Markov processes with discrete-time
sampling. The basic idea pursued by the authors is that such processes can be
characterized by means of forward or backward infinitesimal generators (see sec-
tion 3). Also, when the processes are stationary these generators can be employed
to derive moment conditions that can be used for estimation purposes by the

application of Hansen's (1982) GMM.
Note that, by the law of iterated expectations:

[ sdo=[ ria (39)

Using the framework developed in section 3, since }(I'.f — f) converges in L?(Q)
to A:f, (38) implies:

[ Arae=jimz [ @s-pag=o

and the (first set of) moments conditions3: ,
EAf(X)]=0forall fe¥  (39)

This is a well-known link between the generator and the stationary distribution.
A second set of moment conditions is derived by the authors using the reverse-time

process: ' o
E [Af(Xes1) F(Xe) — f(Xern)Rf(Xe)] =0 forall fe ¥, fe ¥ (40)

where f and ¥ are defined as in section 3, but now with respect to the reverse
process. Note that only the second set of moments, by depending on the vari-

ables measures in two consecutive points of time, directly captures the Markovian

features of the model. . ‘
In practice, GMM estimation usually starts with the employment of an Euler-

Maruyama discretization. Using the notation here developed, take, for instance,

the diffusion process: RN
. dXy = g(X:)dt + odW;

By using the Eulyer-Maruyama approximation:

v Xi—Xea= g(Xk-x) + (X, — Xi,y)

13Remember the definition of ¥ from section 3.
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Next, define e¢, = X¢, — Xy, ., —9(Xee_ )y fro = (Xee — Xy —9(Xe,, ))2 —a2At
and 2 = (etn ftn Xta_l etnxh_l fh)' Under the null, Et—lzh = 0. Replace this
conditional expectation by its sample counterpart to obtain a quadratic form, the
maximization of which leads to the parameter estimates (see the second example

below).
Example 7 Consider the diffusion process:
dp = —a(p — p)dt + cdW;, p(0) =po >0, a >0 (41)

Campbell et al. (1997) present a heuristic development of this ezample. The di-
rect use of the results we proved in section 3, though, allows for a direct formal

. approach. Taking f as the identity function and applying the generator A to (41):

A(dp) = —a(p— 1) («2)
“ Usi;g (39) leads to the first moment condition: 7

Ep=p (43)

‘Now, instead of taking f = I (Identity) in the above procedure, take a generic tfst
function f (for instance, f(.) = (.)",n € N). Make Y; = f(p:) and apply Ité’s

) =% = [1 Ol )+ 3 0)0%) d+ £ oW

Using (39) once more:

B[-10)to - 1)+ 3 0)e%] =0 (a4

Using (40):
E { ’[“G(P — w9 (Xe1) + %0’ 2¢"(Xt)] é(Xe) — ¢(Xt+..1)

[ato -0 + 320 05 } =0

' Equaﬁ'ona (39) and (40) define an infinite number of moment conditions, depend-

ing on the choice of f. Under the regularity conditions provided by the authors,

" GMM can then be applied. .
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' Example 8 As a second example, and also for' the purpose of comparison with
one of the other estimation procedures we have seen in this paper, let’s go back to
the CIR-SR model of interest rates presented in section 2 and in ezample {. Chan
et al. (1992) estimate this process using GMM. Denoting by X; the interest rate at

_time t, these authors estimate a discrete time version of the CIR-SR model given
by'. ” - R

Xir1—Xe=a+0X; + 41

in which E €41 =0 and E(er41)? = 02X,. The estimation goes as follows. Make

B = (a,8,06%). Next, define: : :

€41
&+1X;
f t(ﬁ) e;.’ ;= o2 X;
L (€ — X)X,

Under the null, Ef,(8) = 0. The estimators assoczated with the GMM method are
then found simply by replacing Ef,(8) with its aamplc counterpart The process
leads to a minimization of a quadratic form. .

Example 9 (Brazlian Financial Time Series) For an estimation of the CIR-SR
model (and other interest-rate models as well) with Brazilian financial time se-
ries, the reader can refer to Barrossi-Filho and Dario (2003). In another section
of the paper, these authors also use Monte Carlo simulation methods to compare
finite-sample distribution properties of the GMM and of the Euler—Mamyama ap-

prozimation.

7. Companng Different Estmators

Comparisons of the estimators studied in this (partial) survey are relatlvely
scarce in the literature.” Changes of the time interval used for the simulations is
one reason for this. The unavoidable aliasing phenomenon (the fact that distinct
continuous-time processes may- look identical when sampled at discrete points of
time), can lead to different results, making it extremely difficult to make general
statements about relative efficiencies of one or another estimator. -

Checking the influence of changes in discrete-time sampling interval requires
repeating the experiments several times (once the number of sample. paths has
been set, depending upon the discrete time intervals, the number of sample points

will, of course, vary accordingly).
There is still the problem that, when the diffusion term is state dependent

it is possible that the numerical values of the sample path diverges, because the
variance becomes large. This usually implies the necessity of a transformation
of variables (in order to obtain a stochastic differential equation with a constant
diffusion coefficient), and of a reversal of the transformation later. -
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Shoji and Ozaki (1997) is one of the few examples performing such compar-
isons. This paper develops Monte Carlo experiments using five different methods
of obtaining MLE estimators (including the Euler-Maruyama approach and GMM,
both of which we have reviewed here). Two different diffusion processes are con-
sidered, the first with linear drift and state-dependent diffusion coefficients and
the other with nonlinear drift and constant diffusion coefficients:

dXt = (Ct + ﬂXt)dt + aXtde (45)

and
=aX3dt + adW o ‘ (48)

In the experiments, the number of sample paths is fixed and the number of sample
points varies depending upon the discrete time interval. Note, in (45), that the
diffusion term is state dependent, thereby causing the type of problem we have
mentioned above in this section, requiring a change of variable.

After making Monte Carlo simulations, these authors concluded, regarding
(45), that the GMM performed somewhat inferior to the Euler-Maruyama ap-
proach (a poorer performance of GMM estimators is also found by Barrossi-Fitho
and Dario (2003)). The GMM, though, did a little better in (46) than in (45).

The interested. reader can refer to Jiang and Knight (1999) and Ait-Sahalia
and Mykland (2000)-for further study of the comparison among different esti-
mators. Jiang and Knight (1999) use Monte Carlo simulation to investigate the
finite-sample properties of various estimators, including GMM estimators and some
others which we have not reviewed here.” Ait-Sahalia and Mykland (2000) provide
a general method to compare the performance of a variety of estimators of dif-

‘fusion processes, when the data are not only discretely sampled in time but, in
‘addition, the time separating successive observations may possibly be random.
- GMM and the Euler-Ma.ruyama approxlmatlon are among the methods a.ssased

by these authors.

8. . Conclusion ,

In this paper, wé have proﬁded a partial review of the literature regarding
the statistical estimation of diffusion processes by investigating three of the avail-
able estimation methods: an improvement of the Euler-Maruyama discretization
scheme, the employment of Martingale Estimating Functions and the application

“of Generalized Method of Moments (GMM).

- In order to interest the reader in this important area of statistical resea.rch we
have provided several examples, a final section with a brief review of a comparison
between the performance of two of the methods that we have investigated, as
well as detailed formalizations of some of the analytical developments made in
the original texts. This is an area of research that is presently very active and of
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particular interest to economists, particularly, at the present stage, because of its
several applications in finance and macroeconomics.

A research parallel to this one involves studying the statistical consequences
of the random sampling (as opposed to the effects on which we have concentrated
here, of the discrete sampling) of the diffusion processes. Ait-Sahalia and Mykland
(2003) are a seminal reference in this area, where a new body of research is expected

to emerge.
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